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Chapter 1

Abstract

There is a persistent gap between modern language desidriba@requirements of systems programmers. Systems
programs rely on fine-grain control of data representatioth @se of state to achieve performance, conformance to
hardware specification, and temporal predictability. Modgpe systems such as those used in ML and Haskell rely on
boxed representation of composite types and restrictgastifor mutability to enable features such as polymorphism
type inference, and sound type systems. No current langfudigesupports both feature sets, partly because no
mutability model has been proposed that adequately corslerplicitly unboxed types with consistent typing of
mutability. C’s “const” type qualifier is unsound, while froa systems programming perspective ML'’s “ref” construct
is insufficiently expressive.

This paper introduces a new type system in which deep mittaisila first-class component of type. The type system
is provably sound, expresses unboxed composite typespasgmlymorphism and type inference, and reduces the
amount of state that must be handled by stateful verificatiethods. The resulting system integrates these features
in a way that is subjectively natural to systems programmeliia particular supporting naive programmer intuitions
about locations. A key element of this success is the adopfioertain “hinting” mechanisms that guide the inference
process to the programmer-expected result. A practicabfficdent implementation of this type system and inference
mechanism has been constructed as part of the BitC prognagriamiguage.
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Chapter 2

Introduction

Safe systems programming is a focal topic for researchesgstems as well as programming languages and verifi-
cation communities in the recent years. Although there setenbbe a consensus about the fact that thirty years of
programming in high level assembly is long enough [5], theelef correctness guarantee sought in the proposed
alternatives vary greatly — ranging from memory safety [27] to static analysis or model checking to validate
certain safety properties [2] to full semantic correctnessfication [12] We are currently working on the Coyotos
project [39], which investigates the possibility of a fullgrified implementation of a secure microkernel. In order to
achieve this, there is a need for a language framework treatheathe right combination of expressiveness, formally
founded semantics, control over low-level representatoid integration with modern verification technology.

Modern programming languages such as ML [26] or Haskell fif®yide newer, stronger, and more expressive type
systems than systems programming languages such as C [2#,A@a [15]. These features improve the robustness
and safety of programs, and it is desirable to incorporagentinto languages that can be used for high-performance
systems codes. Polymorphism facilitates better code @ud@rganization. Type inference achieves the consistency
advantages of static typing with a lower burden on the pnogner, facilitating more rapid prototyping and develop-
ment.

A key property of these ML-like languages is that the mutigbihodel is a part of the type system. A term subset lan-
guage suitable for modern logical frameworks [29, 28, 2L;a6] be achieved simply by removing the “ref” construct.
ML Types are decisive about the mutability of all locationgefnory cells): every location has one and only one type
across all aliases. Tools that perform static analysis atehchecking benefit from the ML mutability model because
conclusions drawn about location immutability need newecbnservative [1]. This also reduces the state space that
must be examined by stateful reasoning techniques. Sintaewalues must not be let-polymorphic [50], automatic
inference of polymorphism requires a mathematically viellnded notion of mutability.

Unfortunately, most modern programming language implaaté@ns do not support certain key features that are

essential for systems programming — most notably suppolbfe-level representation management, and support for

first class mutability. The support for mutability must besficlass in the sense that a value of any type (and not just
references) can be mutable, and we should be able to spegthitity at field level granularity.

Efforts have been made to retrofit safety and other high lewvejuage features into C-like low level languages. Sys-
tems like CCured [27] and Cyclone [17] use a combination ohsbstatic analysis techniques, dynamic checks, user
annotations, pointer restrictions and conservative ggetmllection to ensure memory safety of C (or C-like) pro-
grams. First, a fundamental problem with the safe C-likglages is the lack of a rigorous semantic specification.
Second, these systems conform to the C model of mutabillgrevall data is mutable (that is, types do not authen-
tically distinguish mutable and immutable values see sa@i2). This promiscuity of mutability presents a great
challenge for integration into a verification framework — wil either have to perform complex and whole program
alias analyses, or draw conservative and weak conclusiomstahe semantic behavior of programs. The mutabil-
ity model also limits the ability to perform polymorphic tgpnference. For example, Cyclone supports first class
polymorphism only for function definitions [53] that are dixfily annotated with a polymorphic type.

In this paper, we propose a new language BitC [55] which iaties all of the desirable features mentioned above
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into a single, consistent language framework. BitC is a ty@fe, higher order programming language that exposes
machine-level representation of types, supports polyimarfype inference and well-founded first class mutability.
BitC is a call-by-value expression language. Support fdsaxed mutability means that we can allow some free-
dom in the compatibility of types with respect to their mulié§pat copy boundaries. This kind of compatibility has
interesting ramifications for type inference, becauseelh&mo longer a unique way to type an expression. In this
paper, we discuss some of these issues, and present a sdiased on a simple extension to the Hindley-Milner
inference algorithm [25]. A partial sketch of this approaghs given in an earlier workshop paper [38]; the cur-
rent paper presents the first complete treatment, congisfia formalization and proof of soundness, as well as an
implementation.



Chapter 3

Mutability Model and Type Inference

3.1 BitC

In this section, we give a brief introduction to BitC and tlaeifities available in BitC to suit systems programming.
BitC supports a rich set of primitive datatypes and bit-Beloht8 , int64 , (bitfield uint32 8) , float
double , etc It also supports type classes [18] to support operatoroaging over these types. For example:

(define (inc x) ( + x 1)
inc: (forall ((Arith "a) (IntLit "a)) (fn ('a) 'a))

Like C, BitC provides full control over data structure repeatation, which is necessary for high-performance system
programming. Composite types (structures and unions) neagXplicitly declared as boxedréf ) or unboxed
(:val ). The default representation is boxed. For example:

(defstruct (pair 'a ’'b):val fst: 'a snd: ’'b)
(defunion (list ’'a) nil
(cons car’a cdr:(list 'a)))

BitC also has homogeneous aggregate types in the form gfsafuaboxed) and vectors (boxed).

BitC is a stateful language. Variables or individual fieldaynbe given a mutable type. In the following exampés;
defines an unboxed structure in which one of the fields is nheitathile xyz is a stack variable that is mutable.

(defstruct rec:val id:uint32 mVal:(mutable int64))
(let ((xyz:(mutable bool) #t)) ...)
xyz: (nmutabl e bool)

Thedup operator performs a heap copy and returns the correspohéiag location. For example:

(define bPtr (dup #t))
bPtr: (ref bool)

Unlike ML, heap copy does not entail mutability. The typd®tr inthe above example (sef bool) , which just
states thabPtr is a reference (pointer) to a location containing an immigt&alue of typebool . Expressions that
have a reference type can later be dereferenced througtetieé (or” ) operator. BitC does not have an address-of
(&) operator to obtain the address of stack locations. As icdéise of most safe languages, heap locations are first class
values, but stack locations are not. We use the unqualified‘lecation” wherever both stack and heap locations are
applicable.

1 We usetexttt  font to show program fragments and an emphastzexit t t font to show the inferred types.
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BitC supports let-polymorphism as in ML. Polymorphism igparted even over unboxed types. However, in some
cases, we may want to restrict the polymorphism to referdéyges only, in order to ensure that the definition is
not polyinstantiated (or otherwise adjusted to handle ueddypes). In BitC, there is a built in type classes called
ref-type  to which all boxed types belong. Now, we can write a polymdagpdhentity function that only works on
reference types as:

(define id:(forall ((ref-type 'a)) (fn ('a) 'a))
(lambda (x) x))

There are several syntactic constructs in BitC to supportetatanguage, which allows application-specific safety
properties to be embedded within a program. This meta-laggwill eventually be interfaced with a theorem prover
in order to discharge the proof obligations expressed bytbgrammer.

3.2 Mutability Model in BitC

Traditionally, there are two models of mutability studiedtihe case of imperative languages. One of them is the ML
model, where there is a clear separation between name pmdind updatable locations. All updatable (mutable)
locations live in the heap within “ref cells”. Fetching thalwe inside a ref cell requires an explicit dereferencing
operation. The major advantage of this approach is thatstgpe definitive about the mutability of every location,
across all aliases. In this sense, we can say that the sdppartitability is mathematically “well-founded.”

The other well known model of mutability is the C model, whattée support for mutability is “first-class” in the sense
that mutation of stack variables and unboxed values arecstgzh There is a notion d¥alueswhich are expressions
that can be the target of an assignment, evadues that are otherwise used in computations. The extractidhef
value from a (mutable) location is implicit, and does notuieg dereferencing. However, in this model, types cannot
distinguish mutable values from immutable ones. For examplC (and safe-C languages) it is legal to write:

const int *Cpi = ..
int *pi = cpi; // Warning only.
*pi = 5; /I OK!

The alleged “constness” of the location pointed todpy is a local property with (only) respect to this aliapi )
and not a statement of true immutability of the location refeed by it. The compiler or other analytical engines are
not entitled to believe that certain locations or fields arestant even if so declared.

BitC supports well-founded first class mutability. SimitarML, we impose the the “one location, one type” rule.

(let ((cpi:(ref int32) (dup 10)))
(let ((pi:(ref (mutable int32)) cpi)) ;ERROR

In order to support unboxed mutability, we still need to haweotion of Ivalues. It is necessary for both preserving
the programmer’s mental model of the relationship betweeations and storage, as well as ensuring that compiler
transformations are semantics preserving. In an assigneoatext, the following syntactic forms in BitC accept only
Ivalues at positions indicated s al , and return Ivalues (excepét! , which returnaunit ):

id

(array-nth [ val ndx)
(vector-nth e ndx)
(member | val ident)
(deref e)

(set! Ival e)

C’s const notion of immutability-by-alias offers localized checgirof immutability properties, and encourages
good programming practice by serving as documentation eff@mmers intentions. Other systems have proposed



3.3. COPY COMPATIBILITY 7

immutability-by-name [7] (a simplified form afonst ), referential immutability [35] (immutability-by-refeince that
can be enforced shallowly or transitivelgfc, which have versatile applications. These techniquesrénegonal and
complementary to the immutability-by-location propettat we have in BitC. For example, we could have types like
(const (mutable 7)) that can express both global and local usage propertiesoaiion.

3.3 Copy Compatibility

Since BitC is a call-by-value language, it is desirable thatallow some freedom in the compatibility of types with
respect to their mutability at argument passing, assignnamd binding boundaries. We will refer to this espy
compatibility , denoted by. For example:

(define (plusl x:(mutable int32))
(set! x ( + x 1)) x)
plusl: (fn (rmutable int32) int32)

(define v1 (plusl 10:int32))

vl: int32
In the applicatior{plusl 10:int32) above, the type of the actual parameit@ris int32 and that of the formal
parametek is (mutable int32) . Here, we allowint32 = (mutable int32)

Copy compatibility need not be restricted to the outermastaility compatibility, but must not extend past a refer-
ence boundary. This is necessary to enforce the the intdhiahevery location must have a unique type, since the
target of the reference is not copied. We define copy comifigtias follows:

e 7 = (mutable 7) forany typer (direct compatibility).

e (array 7)== (array (mutable 7)). Arrays are unboxed types, the entire array is copied lhyeva

e (vector 7) % (vector (mutable 7))

o (ref 7)2 (ref (mutable 71)).

e Compatibility of composites: Composite types are copy catilyle if and only if all of their fields have equal
types in the case of boxed types and copy compatible typbégicase of unboxed types. In order to enforce this

rule, the following restriction must be imposed for unboyxedametric types: instantiations of any type variable
used within another reference type must match exactly. xamele in the following structure:

(defstruct (St 'a 'b):val fl'a f2:(ref 'b))
instantiations ofa are only required to be copy compatible, but instantiatioiib must match exactly.

(St char char)

>~ (St (mutable char) char)
(St char char) ¥

St char (mutable char))

—~~

In addition to argument passing, and new variable bindingsgcan also permit copy compatibility at argument and
return position of all expressions that do not return andeal This is because we can think of them in terms of
equivalent SSA forms, which introduce temporary bindingsdll intermediate results. For example, we can permit
the various branches of conditional expressions to havave Hifferent but copy compatible types:

(if #t m:(mutable int32) 10:int32)
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3.4 Type Inference

When an exact type compatibility requirement is replacetiénanguage design by copy compatibility, it is no longer
possible to infer a unique type for the expression. For exanapthe following expression:

(let ((p 10:int32)) ... )

we know that the type of the literdl0 isint32 , but the type op could either beént32 , or (mutable int32)

When we cannot ascertain the mutability status of a boundtifier, we give it the so-called “maybe” type
(?mutable? int32) , which is actually a shorthand for the constrained type{« = int32 }. Thatis, it is
undecided as to whether the actual typmi82 , or (mutable int32) , and can be resolved by later unification.
If it is not, a choice must eventually be fixed by the languagfinition. For example, thiet  form:

(let ((p (pair L:int32 #t))) ... )

introduces copy compatibility at both tipair constructor application, and the formation of a new bindorg. The
types assigned by the compiler are:

p: (?nut abl e? (pair (?nutable? int32)
(?mut abl e? bool))

3.4.1 Why Should We Infer Mutability?

It is natural to ask why mutability should be inferred at allhat is: why not require explicit annotation for all
mutable values, and infer immutable types by default? Inxgmession language with copy compatibility, inferring
immutable types by default will result in a proliferationtype annotations. Constructor applications, (polymazphi
type instantiations, accessor functioas;. will have to be explicitly annotated with their types. Foaexple, iffst

is an accessor that returns the first element of a paimaisca variable with typémutable bool) , we will have
to write:

(define xyz
(vector (fst (pair m 10)
(pair (mutable bool) int32)))
:(vector (mutable int32)))

Pierce and Turner have conducted a study on the impact ofriegjexplicit type annotations in higher order typed
programming languages [31]. Their measurements on ab60100 lines of Objective Caml [23] code revealed that
polymorphic type instantiations happen every third lineeofle, anonymous function definitions happen once in 10-
100 lines of code and local bindings occur about once evegfwvnines. Therefore, in BitC, not inferring mutability
would make type inference a liability rather than an asséténcase of stateful programs.

3.4.2 Incompleteness of Inference
The key idea of maybe types is to defer commitments about thabity status of types, and thus infer most-general
types wherever possible. BitC is a let-polymorphic languagd enforces the value restriction [50]. This means that

the decision about the mutability of types cannot be defigpeest their let bindings, since mutable types must not be
generalized. For example, in the case of the expression:

(et ((p nil)) ... )

we cannot give the type
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(forall ("a) (?nutable? (list "a)))
We must instead choose one of:

(forall ("a) (list "a)) ; polymorphic
(?nutable? (list "a)) ; monomorphic

That is, there is no principal type that we can infer forGiven this, we must fix these maybe types to either mutable
or immutable at a let-boundary. In the next section, we w#ritify various choices for how to fix these maybe types,
and discuss their merits and limitations.

In contrast, ML is able to infer principal types since itsdrénce rules are purely syntax directed. In BitC, we trade
completeness of inference to obtain a more expressive &ggwithout making any major changes to the core type
system.

3.4.3 Inference Considerations

In this section we outline certain design considerationgftype inference scheme in the presence of copy compati-
bility. An ideal scheme must not require excessive programannotations in the common case, and must be capable
of inferring all sound types at least when guided by expéaihotation.

The problem with programmer annotations is pragmatic rathen ideological: we do not view programmer specifi-
cation of types as bgokr se(indeed, in certain places BitC requires annotations)ebse of prototyping requires that
these annotations be minimized. As a matter of good progiiagnideology and interfacing with other static analysis
or verification tools, the inferred types must not be promagcs with respect to mutability.

First, we consider how to solve the copy compatibility coaisits introduced by the maybe types. One possibility is
to fix all unresolved maybe types to immutable versions. kangle:

(let ((p (pair n:(mutable int32)
(lambda (x) x)))) ...)
p: (pair int32 (fn ("a) "a))

This scheme will preserve all polymorphism possible, but mandate a programmer annotation for every mutable
location. The alternative would be to choose the mutabl&mts, in which case we will effectively have no poly-
morphism (by default). In the case of local definitions, wa callect more usage information and fix maybe-ness
accordingly.

The previous section argued that we “lose” precision ofrirgfé types (with respect to mutability) by the introduction
of copy compatibility. We can think of this as a trade-offween freedom in type compatibility and precision of
inference. Therefore, we can choose whether to (or not toddunice copy compatibility at various constructs like
new bindings, function application/return, construct@manditional expressionstc. Another dimension of trade-off
is whether we permit copy compatibility to the maximum pessitile limit (as defined in section 3.3), or restrict it
to top-level shallow mutability compatibility only. A fumer option is to require that all polymorphism be contained
within function types, since we can make function types payphic even if they abstract over mutable or maybe
types.

Unless handled with care, full use of copy compatibility casult in the inferred types that are counter-intuitivette t
programmer. For example:

(import Is bitc.list)
(define (list2vec Ist)
(make-vector (length Ist)
(lambda (n) (Is.list-nth Ist n))))

For a naive reader, the typel@ft2vec  appearsto bén ((list 'a)) (vector 'a)) , but is actually the
more general type:
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(forall ((copy-conpat 'a 'b))
(fn ((list "a)) (vector 'b)))

copy-compat is a special type class that relates two copy compatiblestyp®w, if we default maybe types that
are ultimately unresolved to immutable, in the followindid#ion we obtain:

(define mVec (list2vec mLst:(list (mutable bool)))
nvec: (vector bool) ;; I

which is a correct typing, but is most likely not what the prammer expects. In this case, even though the both the
argument and return types tigt2vec  are reference types, they are only required to be copy cdbipdiecause
list2vec  copies the constituent elements, thereby using new latstio

3.5 Type Inference in BitC

Having identified the various issues and trade-offs invblvetype inference, we now describe the particular design
choices made in BitC for handling copy compatibility. Thesly no means “the” solution to the problem, but reflects

our judgment of the best way to capture the programmer’stintuabout the flow of types in the language. It has been

driven in part by our experience writing BitC programs. Irt@iwe allow copy compatibility to the full extent, up to

a reference boundary. We allow copy compatibility to be keaat arguments and return positions of all expressions
that do not expect a location.

Every time we form a “maybe” type due to a copy operation, waember the original type as a hint to resolve
the copy compatibility constraints in the resultant typd.aAet boundary, we resolve any unresolved compatibility
constraints by unifying with this hint. Intuitively, this @ans that we will default maybe types to the types of their
original copies, unless overridden by an explicit annotatHere, we are approximating the user’s intent to the &xic
“flow” of type information. For example:

(define mb:(mutable bool) #t))
nb: (nutabl e bool)

(define p (vector mb))
p: (vector (rmutable bool))

(define q:(vector bool) (vector mb))
g: (vector bool)

The type ofp shows how maybe types are defaulted based on hint informatia the type off shows how this can
be overridden by programmer annotation. Since we defauisoived maybe-types to original ones tist2vec
example described in section 3.4.3 now gets the more imuiyipe:

list2vec: (fn ((list "a)) (vector "a))

In the case of locally defined identifiers, the top-most militghs inferred by studying the syntactic usage of the
identifier. That is, if the identifier is used as the target afedl , it is given a shallowly mutable type. This is an
ad hocrule that tries to reduce the need for explicit type qualtfaas by the programmer in the common case (ex:
iterators). However, this rule must not be invoked for tepdl (global) definitions. Otherwise, inferred types will n
longer be deterministic, as the top level definitions havanited scope.

(define (fact x) (do ((ans 1 ans)
(i x (-1 1))
((==1i 0) ans)
(set! ans (  * ans i)
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In the case of conflicting hints in the different branchesariditional expressions, we pick the most immutable of all
hints. This ensures that inferred types are always detéstiinFor example:

(define boolPair
(if #t
(pair #t #f):((mutable bool), bool)
(pair #f #t):(bool, (mutable bool))))
p: (bool, bool)

If there are any residual compatibility constraints evaarainifying with hints, we resolve them to immutable vat&n

Due to copy compatibility, two function types agqualregardless of the shallow mutability of the argument andrret
types. Therefore, we enforce a syntactic restriction tiduaction types must be written with immutable types at
copy compatible positions. The intuition here is that typ@ dunction must be described in the interface form (the
external type), and must hide the “internal” mutabilityanfation.

(define (f x) (set! x X))
Internal Type f: (fn ((nutable "a)) ())
External Type f: (fn (7a) ())

Even though function types must be written in external foamy type-qualifications on the arguments of a function
within its body correspond to the internal types, and maytaiormutable qualifications.

(define  abc: (fn ((nutable bool)) "a) ...) ;; ERROR
(define  (abc x: (mutable bool)) ... ) 5 OK

This internal/external type notion is also important in firecess of resolving copy compatibility constraints using

hints. We should be sure that the internal types of a funadmmnot influence the result type of applications, but the
effect of arguments on the return types must be preservedexaommple:

(define p:(mutable bool) #t)

(define (f x) p) f: (fn ("a) bool)
(define (g x) xX) g: (fn ("a) "a)
(define ff (f p)) ;; ff: bool

(define gg (g p) ;; gg: (mutabl e bool)

Further, two instances of a type class can co-exist only ihathods have different external signatures. For example:

(deftypeclass (TCL ’'a ’b)
mtd: (fn ('a (vector ’'b)) 'a)))

(definstance (TCL bool bool) ..))
(definstance (TCL (mutable bool) bool) ..) ;CONFLICT!
(definstance (TCL bool (mutable bool)) ..) ;OK.
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Chapter 4

Formalization

4.1 The Language

In the interest of brevity, we will limit ourselves to the folving core calculus:

Syntax
Identifiers xi= ylz]..
Stack Locations = 4l|ly ]| ...
Heap Locations £:= 41| 4a] ...
Values vi= ()| true|false| £ | \z.e
lvalues L= 10
Expressions ex= wleele:T|e:= el|let “z[ir]=ein e
|dup(e) | e” |if ethen celse e
Let-kinds k= -lalyv|VY

All syntactic forms introduced in this document can be p#resized without change in meaning. An optional qualifi-
cation is provided on the identifier defined ited expression since the same effect cannot be obtained byydgngli
the defining expression (due to copy compatibility). Thekied “-” is a placeholder for the unkindddt form.

4.2 Dynamic Semantics

Syntax
Stack S:= 0[S, l—w
Heap H:i= O|H,{—w

The system state is represented by the triple & ¢bnsisting of the stack, the heap, and the expression todhested.

Evaluation itself is a two place relationship S; Hi= S'; H’; ¢’ that denotes transformation in the system state due to
a single step of execution.

Table 4.1 shows the evaluation rules for our core languagkowing the theoretical developmentin [53, 54], we give
separate execution semantics for left and right execugwal(ation of expressions that appear on the LHS and RHS
of an assignment; := e,) denoted by= and=- respectively.

In the above operational semantics rules, a distinctionaderbetween the stack and the heap in order to ensure that
we can only capture references to heap cells (E-DUP, E-LBEREF, and E-DEREF work only on the heap). The
heap locations are first class values but stack locationsatreTherefore stack locations cannot escape beyond their
scope (although the bindings themselves are not removedthe stack, in the interest of of simplicity). E-RVAL
represents implicit value extraction for stack locatioBsate updates can be performed either on the stack or on the
heap (E-SET-STACK and E-SET-HEAP). We assume that the anogs alpha-converted so that there are no name
collisions due to inner bindings. We do not model garbagkectibn, and assume an infinite supply of stack and heap

13
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E-RVAL E-LEFT-TQ
S()=wv
S;H; = S;H;v S;H;e: 7= S;H;e
E-TQ E-LET-TQ
S;H;e: 7= S;H;e S;H;let z:7=e1in ex=S;H;let z=e1in ey
E-APP-STEP-FN E-APP-STEP-ARG E-APP
S;H;e; = S H; e} S;H;ea = S H'; ¢ | ¢ dom(S)
S;H; ey ea = S H; e} eo S;H;v1 e = S H; vy € S;H;\z.e v = S, I— v; H; e[l z]
E-LET-STEP

S;H;e1 = S H; €]
S;H;let z=e1in ea=S;H;let z=¢in e

E-LET-M E-LET-P
| ¢ dom(S)
S;Hilet Yz=wv1in ey =S, v1; H; e[l 2] S;H;let Yz=wv;in ey = S; H;ea[vi/z]
E-IF-STEP

S;H;e=S;H;¢
S; H;if ethen e¢;else ex = S;H;if ¢ then eselse e3

E-IF-TRUE E-IF-FALSE
S; H;if truethen e;else ey = S;H;e; S; H;if falsethen e else ey = S; H;eq
E-DUP-STEP E-DUP
S;H;e=S;H; ¢ ¢ ¢ dom(H)
S; H;dup (e) = S; H’; dup (¢’) S;H;dup(v) = S;H,l— v; ¢
E-LEFT-DEREF-STEP E-DEREF-STEP E-DEREF
S;H;je= S H; ¢ S;H;e= S H; ¢ H({)=v
S;H;e” = S H;e” S;H;e" = S H;¢e” S;H; " = S;H;v
E-SET-STEP-LHS E-SET-STEP-RHS
S;H;e1 = S H; € S;H;es = S H; €
SiH;e1:= ea =5 H e} = e SiH; £:= eo =S H; £:= €
E-SET-STACK E-SET-HEAP

S, I— vy H;:= va = S, 1— wg; H; () S;H U — vy, 0= vy = S;H,l— vs5; ()

Table 4.1: Dynamic Semantics

cells.

We cannot giveone correct execution semantics for the (unkinded) expresdiein z = v in e, since there is not
enough syntactic support to determine whethisra (mutable) location or a polymorphic immutable term. Theaect
step to take is always clear from static type information.est take the LET-M path for all mutable definitions, and
the LET-P path for all polymorphic definitions. For immutallon-polymorphic definitions, either step will work, but
we always choose LET-M.

Therefore, we make a distinction among two “kinds’lef definitions aslet ¥ (monomorphic, possibly mutable
definition) andet ¥ (polymorphic definition). The non-polymorphic version ef is shown aset ¥ and notlet
because an immutable monomorphic/concrete definitiorsis @éfined using this construct. Now, we give separate
execution semantics for each of thése forms. Since the type rules only derive a type for the corkéudls oflet

in each case, execution of typed expressions is always @exrtake the correct path.

We usdet torange ovelet ¥ andlet Y. and will still use the unkinded terfet , when either version is (equally)
applicable. Note thdet is different fromlet because two occurrenceslef in the same context correspond to
the same kind, whereas two occurrencekebdf need not match the same kind.
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4.3 Static Semantics

Syntax
Types 7= alunit |bool |T—71
ref / pointer | v
Mutable type | Ur
Type Scheme o= 71|Vao
Binding Environment I'::= (|, z+— o0
Store Typing iz QXL T| 8 e
Logical Relations Q= true|false | QA Q| QV Q| -Q | Predicate(Q)

A substitution is of Z for Y in X is written using the standardtation: X[Z/Y]. Substitutions within a type up to a ref
boundary are written as:[Z/Y].
4.3.1 Copy Compatibility

Compatibility of types that differ in shallow mutability abpy boundaries is called copy compatibility [56], denoted
by =, and is defined as:

1%

T T
~

Ur =

T

In our algebra of types, we have the equatiobir = Ur.
We also define the operatafsandsy that increase or decrease the mutability of a type, defined as

A(PT) =¥ andA(r) = U7, wherer # U7’
v(¥7) =7 ands/(r) = 7, wherer # U7’

Itis obvious that'T.</(7) = 7 = A(7), andvVr, .7 = 7/ iff () =7 () iff A(r) = A(F).

4.3.2 Compatibility of Function Types

Two function types arequalregardless of the shallow mutability of the argument andrretypes [56]. Due to copy
compatibility, two function types are equivalent in all pests regardless of the (shallow) mutability of the argumen
and return positions. Therefore we always write all functigpes in the following normalized forrh:

1. The (contravariant) argument type is written in the maadlgnimmutable form (devoid of shallow mutability).

2. The (covariant) return type is written in the maximally tadoie form.

This ensures that the “external” type of a function is madtiynq@ermissive with respect to mutability. However, during
type inference, if we infer the type (74,4) — A(7re) as the external type of a function, this normalization e
get violated due to substitution of type-variables. Therefwe define thér| and [7] “meta-constructors” which
(respectively) minimize and maximize the mutability of @dy but are interpreted lazily.

We also define (and implicitly use) the following equivaleadn the algebra of types:

|7] = wv(r) (lazily)
[T] = A(7) (lazily)
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TS-MUT1 TS-MUT2 TS-REF TS-FN TS-CEIL TS-FLOOR
T;<:T' =7 7'1:7"1 7'2:7'/2
Ur <7 Ur < U M < T — To <IT) — Th [Tl <7 7|7

TS-REFL TS-TRANS
ToxXiT1 T1.T

TIT To I T

Table 4.2: Copy Coercion Rules

4.3.3 Copy Coercions

Table 4.2 shows how we can obtain copy compatibility by camgrcions (similar to subtyping). We can now define
copy compatibility as:

T1I=T9o=1T1 %:V(TQ)

The TS-REF rule ensures that copy compatibility does nagrekbeyond a ref-boundary. Since two function types
are equivalent in all respects regardless of the (shalloutphility of the argument and return positions, we will \grit
all function types in normalized form. The (contravariaamtyument type is written in the maximally immutable form
(devoid of shallow mutability), and the (covariant) retdype is written in the maximally mutable form. This ensures
that the “outer” type of a function is maximally permissivélwrespect to mutability. The TS-FN rule therefore is
invariant in terms of its arguments and return types.

We will also writeI'; ¥ I~ e <: 7 as a shorthand fol; X - e : 7/, 7/ <: 7.

Problem with Subsumption-like Coercion Rule

In BitC, explicit qualifications are a statement of absoliyiging and not type compatibility. Preserving this rule,
requires that we must not have generic subsumption likesrdiecopy coercion. That is, if we have the following
subsumption like rules:
TW-TQEXPR (WRONG) TW-SUB
'YkFe:r 'YXkFe:r 77
LYk (e:7):7 I'YXke:r
We can then write:

let z=()inif truethen z:unitelse z:= ()

Here, in theelse branch ofif , we can derive the typing : Yunit and in thethen , through subsumption also
obtainz : unit , which violates our absolute-compatibility at qualificatirule.

Therefore, we will not introduce this rule, but instead autuce copy coercion operations at all copy compatible
positions in the type rules.

4.3.4 Location Semantics

The Ivalue rules shown in Table 4.3 ensure that only thoseesspons permitted by location semantics [55, 56] appear
on the left hand side of an assignment expression.

4.3.5 Declarative Type Rules

Declarative Type rules are given in Table 4.4. The standgoé fudgment; ¥+ e : 7 is understood as: given a
binding environment® and store typing: the expressior has typer. We write e <: 7 as a shorthand fore : 7/,

1 Of course, types are not displayed in this form to the usencfion types are always printed in “interface form,” whicbes not expose the
“internal” mutability of argument or return types [56].
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L-1D L-HLOC L-SLOC L-DEREF L-TQ
Foat €
'ﬁral r 'ﬁral é 'ﬁral | 'ﬁral eA 'Eval e.T

Table 4.3: Location Semantics Rules

T-UNIT T-TRUE T-FALSE T-1D
I'(z) =Va.r
;32 () unit I'; ¥+ true: bool I'; ¥ I false: bool IS Fa:r[ra)
T-HLOC T-SLOC T-LAMBDA
S(0) =71 =71 Fe—71;YXFe:rs
X007 IR By X F Azee:s7(m1) — A(72)
T-APP T-SET
Xk erxima—710 IIEFeaxiTe 70070 I'YFeixiUr I'YbFe<i7 haer
Xk e ex:T) ;Y F e; = ey :unit
T-IF

I''YFer<ibool TI''YFeoxi7 I'Yhes<i7 7<i7
;Y Fif e then eqelse es: 7'

T-TQEXPR T-DUP T-DEREF
I'YkFe:r iYkFexiT 707 I'YFe<i{7
O;k(e:7):7 T; X+ dup(e): i’ ;) Yk-e o7
T-LET-M [TQ] Q-LOC
I'Y¥Feaximy 7ty IYenha.7<o h.zio Tiz—o, Xkey:T =T
[;3F(let Ya[it]=ein es): 7o b.z:0
T-LET-P [TQ] Q-TERM
Y¥Feaximy 7ximy I'Eenhao7<o hanxzio Io—o Xkesity o =Va.r
;Y E(let Vz[it]=e1in e3) 7o b T2 O

Table 4.4: Declarative Type Rules

7' <. 7, for some typer’. In the type rules, we introduce copy coercions at all posgiwhere copy compatibility is
applicable. Type generalization ated  is decided by the judgment,, .

4.3.6 Generalization

This section uses the “full” value restriction as proposgi\right [50]. Relaxations to this rule based on Garriague’s
scheme [52] were proposed in [56]. Those rules must be icated at a later stage.

The type generalization rules are shown in Table 4.5. The G#VALUE-PF is not actually used for typing user
programs, but is only necessary to prove preservation agyp

DEFINITION: Free Type Variables

We denote the set of free type variables in a tysftv(7).

ftv(a) =«
ftv(unit ) ={}

G-VALUE G-EXPANSIVE
Value(e) Immut(r) @ =ftv(r)\ ftv(D) \ ftv(X)
I3 el 7 <Va.r TS, e, r<r

Table 4.5: Generalization Rules
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ftv(bool )={}

ftv(fr) = ftv(r)

ftv(Ur) = ftv(r)

ftv(r1 — 72) = ftv(r1) U ftv(r2)

We also write:

ftv(T) = ftv(r)

ftv(o) = ftv(a) U ftv(7) whereo = Va.r

ftv(T) = ftv(o) forall 2 : 0 € T

ftv(Z)= ftv(r)forall {:TeXorl:7€ X

ftv(C) = U ftv(r) whereC is a set of constraints, andis a type involved in any constituent constraint.
FTVS(X, Y, ...) = FTVSK) U FTVS(Y) U ..., whereX, Y, ... are any of the above permissible arguments.

DEFINITION: Value Restriction

Value(v) = true

Value(z) = true

Value(f) = true

Value(l) = true

Value(e : 7) = Value(e)

Value(dup (e)) = Value(e)

Value(e™ ) = Value(e)

Value(if e; then eg else e3) = Value(eq) A Value(ez) A Value(es)
Value(let z =e;in e2) = Value(ey) A Value(esz)
Value(e) = false

Immut(unit ) = true

Immut(bool ) = true

Immut(a) = true

Immut(r; — 72) = true

Immut(f7) = Immut(7)

Immut(Ver.7) = Immut(7)

Immut(7) = false

4.3.7 Soundness of Declarative system

DEFINITION: Stack and Heap Typing

A heap H and a stack S are said toveell typedwith respect to a binding contektand store typing:, and written
I;YFH+SIf

1.
2.
3.

dom(z) = dom(H) U dom(S)
Ve € dom(H), T; © - H() <: 2(0)
vl € dom(S),T; 2 F S(I) <: %(1)

LEMMA: Inversion of Typing Relation

P W N oBE

IfT; X F () : 7 thenr =unit .
IfI"; ¥ + true: 7 thenT = bool .
IfI"; ¥ F false: 7 thent = bool .

IfT; X+ £:7thenT = {7,
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5. IfT; ¥+ Az.e: 7 thent =7} — 7}, such that} =</(r1), 75 = A(r2),and,I’, 2 — 71; X F e : a.
6. fI;X ke :7thenl; X Fe <7

7. Other cases are similar.

Proof: Immediate from the definition of typing relation.

LEMMA: Inversion of Copy Coercion

If 7 <: bool thenr =bool orr=W¥bool .

If 7 <:unit thenT =unit orr = W¥bool .

If 7 <:71 = 1o thent =71 — 19 Or7 =¥ (r1 — 73).
(7’ thent =’ or 7 = U7,

If 7 <: U7’ thenT = U7” such that” <: 7.

o a ~ W N
=
ﬂ
A

v
If  <: U7’ thenr <: 7.

Proof: By induction on the copy coercion derivation.

LEMMA: Canonical Forms

If visavalue,and’; ¥ + v <: unit |, then,vis ().
If visavalue, and’; ¥ + v <: bool , then,v is eithertrue or false

If visavalue,and’; X + v <: {7, then,vis ¢, £ € dom(X).

R

If visavalue,and’; ¥ v <: 71 — 79, then,v is Az.c.

Proof: By induction on the derivationdf; ¥ + v x: 7.

If T'; ¥+ v <:bool , we havel; X v : 7 and 7 <: bool by Inversion of copy coercion relatior, = bool or
7=Wbool . If 7 =bool , itis clear that the final rule in the derivation must be T-TRRWr T-FALSE, in which case
the result is immediate. The case Wbool cannot happen because there is no rule that derives a miypbléor a
value, and we assume that the induction hypothésis+ » : 7 holds.

Other cases of the lemma are similar.
LEMMA: Progress

If ¢is a closed, well typed term, that i; X - e : 7 for somer and X, given any heap H and stack S such that
I''YFH+S,

1. If . e, theneis either a valid Ivaluef (thatis,£ =1, 1 € dom(S) or£ =¢", £ € dom(H)) orelsed ¢/, S, H’
such that:S; Hg = S; H/; ¢'.

2. eisavaluev orelsed ¢/, S, H suchthatS; Hg = S'; H’; ¢'.

Proof: By induction on the typing derivation.

1. Case T-UNIT, T-TRUE, T-FALSE, T-HLOC, T-LAMBDA: (Valug¢sResult is immediate for right execution,
and cannot happen for right execution
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. Case T-ID: cannot happen, there is no execution rule foabkes.

. Case T-SLOC: Immediate for left execution. Right exemutind can always continue with E-RVAL rule as the

stack is well typedI(; X - H + S).

. Case T-APP: Only right execution is possible, no apghticais well typed as an Ivalue. We have:=¢; es,

e1 <. T1 — T2, andey <: 71. If e1 Or es is not a value, we can take E-APP-STEP-FN or E-APP-STEP-ARG.
Otherwise, when both; ande; are values, by canonical forms lemmea,is of the formAz.e’, and we can take
the step E-APP.

. Case T-IF: Similar to T-APP, only right execution is peftetl.

. Case T-SET: Only right execution is applicable. We havee; := eo, e1 <iT1 — 72, [} X F ey 51 U7,

I''YFey <7, and K, e;. If e; not an Ivalue, since we have,, e; we can take E-SET-STEP-LHS by
induction hypothesis. Similarly, ié; is not a value, we can take E-SET-STEP-RHS. Finally,if £ and
e1 = v, we can take the step E-SET-STACK or E-SET-HEAP as appkcabl

. Case T-DUP: Only right execution is permitted, and cae ®dDUP-STEP or E-SUP-STEP as applicable.

. Case T-DEREF: We have:=¢;", andI'; ¥ I e; <: fi7. Execution can take E-LEFT-DEREF-STEP or E-

DEREF-STEP as applicabledf is not a value. Ife; <: {7 is a value, then, from the canonical forms lemma,
e1 ={, £ € domX). Now, since this is an Ivalue, we are done in the case of leftetion. In the case of right
execution, we can take step E-DEREF since the heap is weltitfh > - H + S).

. Case T-LET-M: Only right execution is applicable. We have =(let Y z=¢;in e), 7<:71,

;¥ e1h., 7<o,andg, x:0, and’,z — o; X F es : 5. If €1 is not a value, we can take E-LET-STEP.
Otherwise, we can take E-STEP-M.

Case T-LET-P: Only right execution is applicable. We ehave=(let Y z=e;in e), 7 <71,
;¥ e1h, 7<o,andy,., x:0,and’, z — o; X F ey : 79. If €1 iS not a value, we can take E-LET-STEP.
Otherwise, can take E-LET-P.

Case T-TQEXPR and Case T-LET-M-TQ, T-LET-P-TQ are smil

LEMMA: Weakening

We will write T'; X + e : 7 < o as a shorthand fdr; X - e : 7, andl’; X; e |, 7 < 0.

1.

2.

IfI; ¥ F e : 7 then,

(@ IfI" OT'thenl’; X Fe: 7.
(b) If X > X thenl; X' e 7.

fIYXFe:7<0,0=Va.r

(@) T’ DT andftv(I") N ftv(a) =0 thenT’; Sk e: 7 < 0.
(b) If X' D ¥ andftv(X') N ftv(a) =@ thenl; X' - e: 7 < 0.

Proof: Straightforward induction on the typing derivation.
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LEMMA: Value Substitution

fT,z:0;XF e:7, Immut(c) andl; X+ v : 7, andl’; X; ek, 7, < o thenD; S F e[v/x] : 7

Proof: By induction on the typing derivation df, z : o; X - e : 7. We proceed by case analysis on the final step of
the derivation.

1. Case T-ID: We have = y wherey € I, z, 0.

There are two sub cases to considerz ¥ y, then,y[v/z] = v, and the result type is an instantiation of the
type schemer. One of the assumptions of the lemma statesthat+ v : 7, < 0. Thatis,7 C o, and we
can infer any more-specific type (and in particular the typm@ instantiated at the T-ID rule) instead for this
substitution of the expressian Therefore, we havE; X + e[v/z] : T.

If © # y, theny[v/z] = y, and the result is immediate.

2. Case T-LAMBDA: We have = \y.¢/,andr =71 — 1o, andl’, z .0,y :71; 2 F ¢ @ To.

We can assume that# y. Since it is clear that the type; of y can either use variables already Iin
or fresh type variables, we know thétv(T", y : 71) N ftv(c) = 0. Thus, by weakening lemma, we have:
Iy:7m;XFv:7, <o, and, by induction hypothesid;, y : 71; X F €/[v/z]: 72. Finally, by the T-
LAMBDA rule, we have:T'; £t Az,.(e'[v/z]) : 71 — 72, and thusl’; ¥ - Az,.e’[v/z] : 71 — T2, which is
the desired result.

3. T-SET case is similar, except that the substitution cehappen on the LHS of an assignment, since we do not
perform substitution of mutable values.

4. Other cases are similar.

LEMMA: Location Substitution
f,z:70; X Fe:7,andforsome DX, X() =79 :,thenl; X' Fe[llz] : 7.
Proof: By induction on the typing derivation df, z : 7; ¥ F e : 7, similar to lemma 4.3.7.7.
LEMMA: Stack and Heap Assignment
1. DY FH,l—v+S,andE(f) x: m,andl; X o' i 7, then; Y FH, £ — o' + S.

2. Similarly, ifI; X F H+ S, I— v andX(l) <: 7, andl’; X - o' : 7, then,I'; X H+ S, |— 2.

Proof: Immediate from the definition of stack and heap typing.

LEMMA: Preservation
IfI'; ¥+ e:7andl’; ¥+ H + Sthen,

1. If S;H; e = S; H’; ¢/, then, there exists 8’ O ¥ such thal’; X'+ ¢’ : 7andl’; ¥ F H' + S.

2. IfS;H;e = S H'; ¢, there exists &’ D Y suchthal’; X' ¢’ x: 7/, T; ¥ F H + S andvy(r) = (7).
Proof: By induction on the derivation df; ¥ - e : 7. We proceed by the case analysis of the final step.

1. Case T-ID, T-TRUE, T-FALSE, T-HLOC, T-LAMBDA cannot hagp.

2. Case T-SLOC: Only right execution is applicable. We hawe:| and X(I) : 7. The only applicable step is
E-RVAL, and we have:’ = S(l). From the definition of stack typing, we have: S€)>(l) and thuse’ <: 7
which impliess/(7) = (7).
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3. Case T-APPie=¢; €9, andI'; X Fe; <i790 — 79, and I'; X F ey <: 79, and 79 <: 7, and e: 7 where
To = \(74)T0 = A(7() and .
This cannot happen for left execution. For right executie@ proceed by further case analysis of the applicable
executionrules for S; He = S'; H'; ¢’.

(a) Case E-APP-STEP-FN: We have: S;d;= S; H’; ¢} ande’ = ¢} es. By induction hypothesis, we
have: T'; ¥/ - e} <: 72 — 7 for someX’ D X. One of the assumptions of the T-APP rule states that
T'; ¥+ es <: 72, and by weakening lemma, we haig, Y’ I e, <: 79. Finally, by the T-APP rule, we
conclude thatd} es) : .

(b) Case E-APP-STEP-ARG: Similar to the previous sub-case.

(c) Case E-APP: We have; = Az.ep andes = v and ande’ = eg[l/z]and S, I— v; H; e; = S; H'; e].
By the inversion lemma fokz.eg we havel’, ¥ - ¢ @ 7.
Further from location substitution lemma, we havex’  eg[l/ 2] : 7, whereX’ D ¥ andX(l) : 75.
Thus, we have <: 7( andry <: 7. Therefore, it is clear thay (r() = /(7).

4, Case T-SETe=¢€; = eg,andl; X ke <V, andl’; X F ey <7y €1
If the step taken is E-SET-STEP-LHS or E-SET-STEP-RHS, éisalt follows from the induction hypothesis
and T-SET rule (as in the case of T-APP). If the step taken&EE-STACK or E-SET-HEAP, the result follows
from the stack and heap assignment lemma.

5. Case T-DEREF: We have:= ¢/~ andl'; ¥ F ¢’ <X: fj7. If the step taken is E-LEFT-DEREF-STEP or E-LEFT-
DEREF, the result follows from induction hypothesis and ERREF rule. If the step taken is E-DEREF (right
execution only)e’ is a value, and from canonical forms lemma, we know #iat ¢ and/ € dom(X) and the

result follows from the fact thdf; X - H + S.

6. Case T-LET-P: Right execution only. We haves (let ¥ z=e; in e;) andl’; ¥ F e; <: 7, and7 <: 71 and
;% e1 b, m<oandl’, z — o; ¥ F ey : 79. There are two sub-cases to consider:

(@) If we take step E-LET-STEP, S; Hj = S; H’; ¢} ande’ = (let Yz =€ in ep). If e = v Itis clear that
Value(ey) implies Value(e’). Now, the result follows from the induction hypothesis ahd E-LET-P
rule.

(b) If we take the step E-LET-R; =(let Yz =wvin ey) Sincez : o has a polymorphic type, (that is,
o =Va.r) we know thatfmmut(7). Also, from canonical forms lemma, all values have an imrigta
type. Thereforer = 71. Now, the result follows from value substitution lemma.

7. Case T-LET-M: Similar to T-LET-P, except that we shouldajs use the GEN-EXPANSIVE rule during gen-
eralization, and use the location substitution lemma astef the value substitution lemma

8. Cases T-IF, T-DUP, T-TQEXPR, and T-LET-M-TQ T-LET-P-T€@ aimilar.

DEFINITION: Stuck State

A system state S; H is said to bestuck if e # v and there are no’SH’, ande’ suchthat S; Hg = S; H'; ¢'.

THEOREM: Type Soundness

If ;X Fe:7andl; X FH+Sand S; He = S; H'; ¢ then $; H’; ¢’ is not stuck. That is, execution of a well
typed expression cannot lead to a stuck state. Hersgpresents the reflexive-transitive-closure-nf

Proof: By straightforward induction on the length e&. If e=v, proof is immediate. Otherwise, from
Lemma 4.3.7.5 (Progress), we know that we can take at leasttep forward. Further, from Lemma 4.3.7.10 (Preser-
vation), we know that a (left/right) execution of a well typexpression in with respect to a well typed stack and heap
will always result in another well typed expression, stacll heap. Proof now follows from induction hypothesis.
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TE-UNIT TE-TRUE TE-FALSE

I;2k (O:unit |0 I'; ¥, true: bool |0 I'; ¥, false: bool |0

TE-ID TE-HLOC TE-SLOC
I(z)=Va.r k. B S =7 s() =7
ISk, z:7[Bla] |0 L8k 7|0 Ok 7|0
TE-LAMBDA TE-APP
e—a; Xk, e:7|C I;¥E,e1:7m1|C Th Xk, ea:7m2|Co he, «
Yk, Axee: |la] —[7]]C I'YE e1ex:alCiUCU{m =i |68 = [7], T2 =0 18], [v] ol

TE-IF
F;qu61:7'1|C1 F;qu€2:7-2|02 F;qu63:7'3|03 hwa
F,E'?qlf e then e, else eg:a|(31UCQUC3U{71<:bOOI,72-4:5, Tgﬁiﬂ,aﬁiﬂ}

TE-TQEXPR TE-SET
F;E';Ie:TI|C I‘;El:qel:71|(,’1 F;qu€2:T2|CQ lelel l;ma
;YE, (e:n):7|CU{r" =7} [k, e1:= ex:unit |[CrUCU {1 =V, 71 i [72]}
TE-DUP TE-DEREF

Yk e:7|C K« Yk e:7|C Ko«
Xk, dup(e): ra | CU{a=:|T]} Yk, e talCU{r < fa}
TE-LET-M [TQ]
F;qu61:7'1|C1 C’lzclu{rﬁihlj} elu:nfcll F;Z;Elb€7,9<7'><0'
bezio ), z—0,0(X)F, ea:72|Ca
[;YE, let Yaz=ejin ex:7o [CoU{V[a—T] €0, a=T1}
TE-LET-P [TQ]
I‘;Elzqel:71|C1 C’1=61U{Tg<:L71J} 9|ﬁfc/1 F;E;ellgm9<7'><0'
bomz:io OI),z— 00Xk, ea:72|Ca
[ 8kE let Va[it]=e1in eg 79 |CoU{V[a—T] €0, a =T}

Table 4.6: Equational Inference Rules

4.3.8 Equational Inference Algorithm

Syntax
Types TIE L
Constrained Type [T\ C
ConstraintSets C:u= O |{(r=7|727|7<x:7)*}
Substitutions 0= O|[a—7]|0080

We will denote applications of a list of substitutions of $kesubstitutions a& X), while an individual substitution is
written using the standard notation X[Z/Y].

The inference judgmerit; X |, e : 7 | C should be understood as: given the stack (binding) coiitextd heap (store)
contextX:, we can infer the type for the expressior under the set of constrainfs In the interest brevity, we will
not track the freshness of type variables. We just wtite @ to mean that the sequence of type varialiese new

type variables.

Equational Inference rules are shown in Table 4.6. We wilehmafter write LETer to range over LET-M and LET-P.

We propagate solved constraints at a let-boundary (TE-kEERd TE-LETa-TQ rules) as equality constraints rather
then substitutions. This is done just to present the rulessimple form. A real implementation must propagate the
substitutions so that closure computation does not inereggonentially. In this equational presentation of infiers
types can be fixed by equality constraints, or compatibiktyuirements expressed as copy coercion constraints. The
coercion constraints are used as hints and we obtain thditstbd type by subsumption. The solution to these
constraints closely corresponds to the rule defined in BitGhis section, we do not present the fact that mutability
of local variables are determined by examining the expoesisi which they are used. The actual implementation in
BitC uses an eager unification algorithm, and is explaingtiémext section.
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E-UNIFY
Close(€©)=C  Fuwen € Fe €

E-UNIFY-SOLVE

'%NF Q

Table 4.7: Equational Unification Rules

SOL-EQ

a=7eC O=[a—71] 0 0C\{a=1})

ol E, C
SOL-SUB

a=7¢C C,={Vax:iti €C, Vrax:ae€C} 7 =some type suchthatd=[a — 7]

0k, 0(C\{a=:T})
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0= C,

0ob [ C

Table 4.8: Solving Equational Constraints

4.3.9 Unification

Unification Rules are shown in Table 4.7. We wiité= C to mean that the substitutigrsatisfieghe set of constraints
C. A constraint sef is said to be the normalized form @fif it is written as a set of atomic constraints by using theycop
coercion rules defined in Table 4.2 (note that this convarsidotal). Further this set is closed, such that all tréavesit
relationships are explicitly added. (see Definition 4.B)9The unification judgment}, . C says that the constraint
setC when written equivalent canonical form @Sis consistent and acyclic. The statemént, C is understood as:
The substitutiord obtained as a result of unification and constraint solvirigeas the set of constrainfs

DEFINITION: Constraint Set Closure

10.

. Foreachr; — 79 =7] — 74, € Caddr, =7} andry = 75.

. Foreachr; — 79 g: 7 — 74, € Caddry =7 andrs =7,

. ForeachT =7’ € C addr = 7.

For eachi x: fi7’ € C addr = 7.

Foreachlr =¥+ € C addt =7'.

. ForeachVr <: U7/ € C addr <: 7.

Foreachr; =79 € C andry =73 € C addr; = 73.
Foreachr; <: 70 € Candr, <: 73 € C addty <: 73.
. Foreachr;{ =715 € Candrs <: 73 € C add7; <: 73.

Foreach; <: 79 € Candrs =73 € C addt <: 73.

Continue till no more constraints can be added.

Solving the Constraints

Judgments to solve equational constraints are shown ire a8l
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4.3.10 Soundness of Equational Inference
THEOREM: Soundness of Constraint Closure

If 6 |= C thend |= Close().
Proof: Immediate from the definition of closure computation andycogercion rules.

THEOREM: Correctness of Constraint Solver

Ok, Ciff 0 =C.
Proof: Evident from the definition of the constraint solver.

THEOREM: Correctness of Unification

Unification produces valid substitution that satisfies all the constraints in astmint set. That is, if |=, C then

0=C.

Proof: Evident the definition of unification, and Theorem 4.3.10.2.

nf

THEOREM: Decidability of Unification

¢ k=, Cis decidable.
Proof: Follows from following facts:

1. The constraint set is finite. Closure computation follows set-union semandéiod will eventually terminate
after all possible constraints are added (as evident franttipe coercion relationships).

2. Consistency check is bounded by the cardinality of thesttamt set and is thus decidable.

3. There are no forms that introduce cyclic types in thiseystEven otherwise, cycle check is also bounded by
the cardinality of the constraint set.

4. The constraint solver builds a solution tree by alwaysking itself onsmallersets. Therefore, there can be no
infinite derivations.

LEMMA: Substitution on Declarative Derivation

IfT; X+ e:7thend(T); () F e : 0(7).

Proof: Straightforward induction on the derivationBf © F ¢ : 7, except for the fact that we should use appropriate
a-renaming on generalized variablés € T, so that generalized variables do not get substituted.

LEMMA: Weakening of Substitutions

1. 1f0 ):Cl U C» thenf ':Cl andd ':Cg
2. 1f0 l%;l CLUCo thend ': Cq andéd ': Co.

Proof: Part (1) is immediate. Part(2) follows from Theorem 4.3210.

LEMMA: Composition of Solutions and Substitutions

If 04 'fnf Cq andCQ cCy thend 0o such thaﬁl =650 90 and92 'ﬁ;f Co.
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THEOREM: Soundness of Equational Inference

If ;X5 e:7|Candd |, Cthend(T'); (%) - e : 0(T).
Proof: By induction on the equational inference derivation, pealing by case analysis on the final step of derivation
(we vacuously assumereduction):

1. Cases TE-UNIT, TE-TRUE, TE-FALSE, TE-ID, TE-HLOC, TE-SC are trivial.

2. Case TE-LAMBDA: From induction hypothesis, we havé(I', z — a); 0(X) - ¢’ : 0(r). This can be
re-written as: 6(I'), z — 0{a); 6(X) F ¢’ : 6(r). Now, from the T-LAMBDA rule, we can conclude that
O(T); (XY = Az.e’ 2 O0{a) — O(T).

3. Case TE-APP: By induction hypothesis, and Lemmad4.3.1@sl Lemma4.3.10.7 we have:
O(T); (XY eq <:0(11)0(0); 0(X) F es <:0(72). By inspecting the constraints that get added at the
T-APP step we can conclude that the result of substitutiostimuply 0(71) <: 7(6(r2)) — A(6{x)). We also
have the axiom\(6(«)) <: 6(«). Now, from T-APP rule, we can obtatI"); 0(3) | e; es : 0{a)

4. Cases TE-IF, TE-SET, TE-DUP, TE-DEREF and TE-SET arelaimi

5. Case TE-LETa: By induction hypothesis, (similar to TE-APP case) we ha@g(I'); 6.,(X) b ey : 0,(m1)
andd, |, C;. Let7 be a type such that <: [6(r1)]. This can be re-written as(71) <: 7" andr <: 7’
to match the requirements of T-LET+ule. Also, since both T-LET and TE-LET« use the same gener-
alization rules, we can obtaim,(T'); 0,,(X); e1 k.. 7 < 6{c). By Lemma4.3.10.9(T"); 0(X) - ey : 0(71)
and by suitable variable renaming we can olfail'); 6,,(X); e1 k.. 7 < 8{c). By induction hypothe-
sis, we also have:6(I'), x — 0{c); 6(X) - ea : O(12). Therefore, from T-LETa rule, we can obtain
6‘<1—‘>, 9<E> Flet z= €1 in €9 . 9<T2>.

6. Cases TE-TQEXPR and TE-LE¥-TQ are similar.

4.3.11 Inference with Eager Unification

Syntax

Types TI= L

Maybe Type | Tl7

While performing eager unification, we cannot always infenatable type and later apply subsumption to obtain a
less mutable type in favor of polymorphism. This is becausemust differentiate between types whose mutability is
fixed (equality constraint due to the TE-SET rule) or, we hiawerred a mutable type that is subject to change (copy
coercion constraint). In order to achieve this, we maintmmpatibility constraints on types themselves. We write
7]7’" as a shorthand for the constrained type {T = 7'}. We can think of the type |7’ as a “maybe type*} which
must be copy compatible but not necessarily equal to thetypEhe typer’ is used as a hint to default the mutability
of 7, unless it gets automatically fixed as a result of unificatiém out language wenly have maybe-mutability
constraints, but we will still continue to use the consteallype notation \ C in some cases while expressing generic
mathematical properties over constrained types.

The inference judgmerit; X; 11k e : 7 || 6; IT should be understood as: given the stack (binding) corteaind
heap (store) context, we can infer the type for the expressior. 6 is list of substitutions obtained as a result of
unifications performed in the process of inference, whiclsitie propagate to further derivations. We thread a tape
of type variabledI through the derivations (as in [57]) so that fresh type \@da can be introduced reliabljl is a
tape that supplies fresh type variablég.is the tape rolled past the current derivation. Also, we e\l to denote
denotes the tape that is rolled past the type variablésindley Milner style inference rules are shown in Table.4.9

The TI-LAMBDA rule uses the meta-constructors defined aliovafer a normalized type for functions. The TI-APP
rule infers copy compatible types by introducing maybe s/giethree positions — the function type itself (by unifying
O2(r1) andB[(|5] — [«])), the argument type (by unifying, with v]|6(d) |) and the return type (througti 6, (7)).
Computing the type shows how the the hint for the result of an application iswlalied. We start with an immutable
version of the return typez(6(a)). @ is the set of type variables that appear in the return typhefunction but not in
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TI-UNIT TI-HLOC TI-SLOC
S0 =71 =71
;5 () unit || 0; 11 LS IOk Aqr || 0; 10 T EEAN
TI-ID TI-TRUE TI-FALSE
I'(z) =Va.r
U3 0k 2 r[Bfa) || 0; 15 [; 3, I true: bool | 0; 11 T; 3; 1T false: bool || 0; IT
TI-LAMBDA TI-TQEXPR
Diz—a; 5 Uy ke | 6; I ;8 Oke:r |67 6k, 7 =0(T)
L5, Ik Az.e: [0{(a)] — [7] ] 0; TU LS IOE(e:r):60(7) |66 T
TI-APP

I 5 Oapyse ke im0 || 00 I 01(T); 01(X); I - ea t 7o || 025 117 ~
01 By 02(m1) = BL([0] — [a]) 0=01002007 O=ftv(0(a)) \ ftv(0(5)) 7= (0(a))[[0]/0]
b T2 =71[0(6)] T =elby(r)
IThepex:7 |01 00300 004 11"

05
I3
TI-IF

[ 3 Hapyse Fer i || 0131 01(T); 01(X); 1L i e T2 || 62; I
91 092<F>; 6‘1 092<E>; Ils K e3 73 H 6‘3; 1I3 9291 ¢} 6‘2 093 9’2 'an 9<T2> =alﬁ

04 K. 0005(rs) =~105(8) 07 k., 000004(r1)=3]bool
0'=0o 9’1 o 9’2 o 6‘/3 To =€lj0in(91<7'2>, 6‘/<T3>)
[, 0Eif ey then eselse es:7g | 013

TI-SET

F; E; Haﬁ '7 €1 .71 H 6‘1; Ir 91<F>, 6‘1<E>, I '7 €2 1 T2 H 92; 11
1 Fw 02(71) =Wa 05 Ly 01(T2) = 8107 0 Oa(71)
[, ke := eg:unit || 61060060 06 11”7

TI-DUP TI-DEREF
DSy ke:r| 6,11 7 =alr '8 Hagke:r |60, 0k, 7=01a
;% I Edup(e): 7' ] 6; T I;¥kEe 1000 () ]|000; 1
TI-LET-M [TQ]

Do ber i |01 0k, 01(T)=almy 0 z5ek,,, 0001(T)>7 hL.z:o
010000 (l);010000{X);e1h, T<a 010000 (T, x— 0010000 (X); 111 kex:Ta] 0215
;% Ik let wx[:7]=elin 62:7'2H6‘091091092;H2

TI-LET-P [TQ]
Do ke im |01 0 by 01(Ty=alry 03562k, 0001(T) >>7 h.z.0
010000 (T);010000(X);e1b,T<o 010000(T),z—0;010000(X); 11 kes: o | 02; Ty
[, ket Y z[it]=e1in ex:7a ][ 008 06100y I,

Table 4.9: Type Inference Rules

its argument type. We constrafito be immutable by shallow substitution with|. This ensures that mutability not
induced by the argument does not affect the return type.rlaiéication withTo ensures that the mutability induced
by the actual argument is preserved in the hint. Similahg TI-IF rule infers copy compatible types for the two
branches and the result. It calculates the most immutapkeag the hint for the result type by computing jie [51]

of 6’'(r2) and®’ {r3) (note that two copy compatible types always have a join)eOthles are similar.

4.3.12 Unification

The unification judgmertt k,, 71 = 72 is understood as; unifies with (can be transformed to structurally equal)
under the substitutio.. Eager unification rules can be found in Table 4.10. Defingitor some auxiliary functions
used by the unifier are given in Table 4.11.

The unification judgment k,, 71 = 72 is understood as; unifies withTo under the substitutiof.. The interesting
cases are U-CT1 and U-CT2. U-CT1 shown the unification of abmayper; |7} with an unconstrained type,.
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UNIFY U-REFL U-COMMUT U-TVAR U-REF
Ok R(71) = R(72) ok =1 aF#T OF 71 =72
0k, T1=T2 0k r=r1 Ok ' =1 [a—T]Ea=T Ok 11 =172
U-MUT U-FN
Ok 71 =75 Ohri=1] 0'RE0(12)=0(1y) k.. 000
Ok Uty =0Ty Qo1 —>1o=7 — 1)
U-CT1

To# 73|y ToF o ORS()=V(re) 0k 0(m)=0(r2) 5,000
ol k|7 =72

U-CT2 U-CEIL U-FLOOR
Ok () =S(rh) 0K 0(11) =6(r2) %ydm fob 0k 71 =179 OF 71 =79
G0k rilr = 72lrg o =[] 0% [ril= 2]

Table 4.10: Unification Rules

TF#T1T2 T=71]T2 S(72) =75
(1) = (1) S(r) =74 R(unit )= [unit | R(bool ) = |bool |
R(r) =7 R(r) =7 R(r1) =71 R(r2) =74

Rl)=a  RW7) =7 R(f7) = [7'] R(ry — 72) = |11 — 73]

R(r) =71 R(ra) =75 Rv@) =7 =[] Rv@) =7 " #["] RA@) =7
R(ril7m2) =71 lm5 R([r]) =7 R(lr))=17'] (D=7

Table 4.11: Auxiliary Functions for Unification

In this case, an immutable version of the constraint is ektdhby the operator, and is unified with an immutable
version ofr,. Once compatibility is established, we unify the typeto equalr,. U-CT2 shows the unification of

two maybe types. After establishing compatibility, we yrilie actual types; andr. so that they ultimately resolve

to the same type.

The functioni(r) transforms a type into an equivalent canonical form where all meta constmscioe made explicit
at all structural levels of. Strictly speaking, unified types are equal only underjihrelationship. However, since
R(7) = 7, we will just say that unified types are equal.

4.3.13 Solving Copy Compatibility Constraints

The judgmen®; z; e ;.. 71 > 72 should be read as: the (possibly) constrained tyjp®r the identifierz (possibly)
used in the expressianis transformedto the unconstrained type by solving all the copy compatibility constraints
in 71. The k,,. rule fixes the top-level mutability of an “open” type by exaiinig whetherz is the target of an
assignment in the expressien The judgmentt,, will actually solve the constraints, either trivially (tteeare no
constraints, or the constraints have already been solvathlfication), or by unifying the type with the constraint.
Rules for solving copy compatibility constraints can berfdin Table 4.12. The relation=, .., 71]72 is defined in
Section 4.3.14.5.

4.3.14 Soundness of Eager Inference
DEFINITION: Normalization of Constrained Types

The eager unification algorithm maintains constraints @esy However, these can be written in a normal form as in
the case of equational inference so that all constraintsappear on the outermost type. For example:

2 This transformation can be thought of as a (safe) coerci@ncH the use of the operator .
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SOLVE-KNOWN SOLVE-MUT
TETIT O, T>T Ok, T1l7me > 7 mutated(z, )
0; z; ebp. T>T 0; z; e b T1lT2 > A(T)
SOLVE-IMMUT

Ok, T1lme > 7 —mutated(z, e)
0; z; e K. 1172 > V(1)

SOL-UNIT SOL-BOOL SOL-FN
Ok, T1:>>7) 0K, 0(re) > 1)
0k, unit > unit 0 i, bool > bool 0ol k, 11— 10> 0(r)) — 7,
SOL-MUT SOL-REF SOL-CEIL SOL-FLOOR
Ok, 7>7 Ok, 7>>71 Ok, 7> 7 Ok, 7> 1
Ok, O > U1/ Ok, N > 07 Ok, [T] > [7] Ok, |7] > |7]
SOL-CT-VAR SOL-CT-CONST
T1=a Ok, o> 7, 0 =[a— 7h] Tmta B, T1lTe Ok, 71> 7)
ok, T1lTa > Th Ok, Tilme > 1)

Table 4.12: Solving copy compatibility constraints.

alfflr =a\{a=NE\{s=7}}
=a\{a2 g, f21)
=a\{axiy M8y, B0, 70}
Therefore we define a normalization of inferred typesiér) = 7 \ C, wherein:

1. 7 contains no constraints within it.
2. C only contains copy coercion or equality constraints.

3. All meta-constructors imm are fully interpreted using the equivalences defined inieeet.3.2. That is, the type
T contains no meta-constructors.

We writeN(7) = 7 if N(r) =7 \ C, andC consists only of tautological constraints.

DEFINITION: Normalization of Constraint Sets
A constraint set is said to be the normalized form 6f(that is,N(C) = C) if:

e LetC’ be a set of constraints equivalenttpbut expressed only using subtype and equality constraints

e C =close(C’). That is,C is written as a set of atomic constraints by using the copyaoe rules defined in
Table 4.2 (note that this conversion is total). Furtherralhsitive relationships are explicitly added

DEFINITION: Normalization of Contexts

The binding context is said to be the normalized form Bf(thatis, N(I") =)if Va :7 € T',z: 7 € [ andN(r) = 7.

Similarly, the store context is said to be the normalized form &f (that is, N(X) =X) if V¢ : 7 € X, itis true that
¢:reXandN(r)=7;andVl: 7 e X, itistrue thatl:7 € X, andN(7) = 7.

DEFINITION: Solvable Entities

Syntax
Solvable Entites w:i= 7|T|Y|w+w
Note that:
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1. Normalization is defined on all atomic solvable entitiesMe add the rule: IfN(w;)=w; \C; and
N(wg) =ﬂ\ Co thenN(w1 + (UQ) =wi1 twy \ Ci1UC,.

2. As usual, we writdN(w) = w if N(w) =w \ C whereC consists only of tautological constraints.
3. Substitution is defined on all atomic solvable entities. dEfine:d{w; + ws) = O{w1) + O{ws).
4. For the sake of brevity, we writt+ w =w + () = w.

5. Definition of C over solvable entities:

(a) T C 7' ifthe typer is structurally a part of the type.
(b) ' C T if TV contains all the mappings in, and possibly more.
(c) ¥ C ¥ if ¥’ contains all the mappings 4, and possibly more.

(d) w1 + w2 Cw) + wh if w; Cw) andwsy C wh.
6. Definition ofD over solvable entities:

() T D 7' ifthe typer’ is structurally a part of the type.
(b) T D I"if T contains all the mappings i, and possibly more.
(c) ¥ D ¥ if ¥ contains all the mappings i, and possibly more.

(d) w1 + w2 D W) + wh if wy D w| andws 2 W)

DEFINITION: Consistency of Solvable Entities

A (possibly) constrained type or contextis said to be consistent, that is; wiff Nw)=w\ Cand | C.

nsistent onsistent —

DEFINITION: Reachable Store

We defing/X|¢1-¢2: as a store such thg|¢1-¢2> (X)) and|X|¢1-¢2>- contains mappings fanlythose locations that
are reachable fromy, eo, ... (that is, the location is syntactically a partaf e, ...).

DEFINITION: MTVs

We define the functiod TV S(w) = @ to be the set of all type variables within the solvable entityThat is, it returns
the set of all type-variables wherea occurs within a maybe type ag| 75,.

MTVS(«) = {}

MTVS(unit )={}

MTVS(bool )={}

MTVS(alrh) =a UMTVS(14)
MTVS(r|7,) = MTVS(7) wherer # «
MTVS(fit) = MTVS(r)
MTVS(¥r)=MTVS(7)

MTVS(r1 — 72) = MTVS(71) U MTVS(72)
MTVS(0) ={} (empty context).

MTVST, z : 7) = MTVS(T') U MTVS(7)
MTVS(E, £:7) =MTVS(X) UMTVS(7)
MTVS(E, |: 7) = MTVS(X) UMTVS(7)
MTVS(w1 + LUQ) = MTVS(wl) U MTVS(L«)Q)
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DEFINITION: FTVs (Extension)

We need to enhance the definition of FTVS as:

frv(ry L) = fev(ry) U fov(S(rs))
ftv(wy + wa) = ftv(wy) U ftv(ws).

DEFINITION: NTVs

We define the set of unconstrained variables as:

NTVS(e) = {a}

NTVS(unit )={}

NTVS(bool )={}

NTVS(al7h) = NTVS(74)

NTVS(r]7,) = NTVS(7) wherer # «
NTVS(fi7) = NTVS(7)

NTVS(¥7) =NTVS(7)

NTVS(r1 — 72) =NTVS(71) UNTVS(72)
NTVS(0) = {} (empty context).

NTVS(T, z : 7) = NTVS(T') UNTVS(7)
NTVS(X, ¢:7) =NTVS(X) UNTVS(7)
NTVS(Z, |: 7) =NTVS(X) UNTVS(7)
NTVS(w1 + (.UQ) = NTVS(u}l) @] NTVS(WQ)

DEFINITION: TVs

The set of all type variables in a solvable entity is given MS() function, defined as follows: Note that this function
is different from FTVS(). (see Definition 4.3.14.8.

TVS(w) = MTVS(w) UNTVS(w)

DEFINITION: K,

We write 0 ,, 7 to mean that the substitution ésis obtained by solving the copy compatibility constraimtsi We

define solving all solvable entities as follows:
S-EMPTY-CTX S-EMPTY-TYPE S-GAMMA

Ok, 7> 7/ Orb,m B2k, 01 <F>
(Z)'?ol@ Ok, T o6, Iz:T
S-STORE-HL S-STORE-SL S-MULTIPLE
Ok, m 02k, 01(%) 1,7 02k, 6:1(%) 016, w1 02k, 01{wa)
01005, 3,07 Orobsk, %, 1.7 010025, wi +ws

DEFINITION:

N@(w))=0{w) 0=05,06, domls)=MTVS(w) 6,(0{w))=06(w)
= w

That is,f solves all copy compatibility constraintsdn but does not otherwise affect the resultéft). Itis, however,
free to contain other substitutions that do not matter@ut). Note that=, is a special case of= and |5, .
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DEFINITION: Strong Consistency

'?onszstent w MTVS(W) m NTVS(W) = @

w
Since we havek ., . w, if al7,, andalTy, are structurally a part of, we must have(a|7h,) = S(al7h,).
FurtherMTVS(w) N NTVS(w) = () guarantees that constrained type variables do not appeanstnained elsewhere

in w. We call this property strong consistency, denoted:y.

DEFINITION: Compatible Solutions (Substitutions)

We write 6, = 0 if V [a — 71] € 01 , itis true that iy — 73] € 0> (that isdon{6,) = dom(#-)), andr; = 7.

DEFINITION: Equivalent Substitutions

We writew k,; 01 ~ 05 if 61 {(w) = 02{w)
For examplex i, [ — 7] &= [a»— B] o [B — 7].

DEFINITION: Sub-Substitutions
1. We writed’ C 6 if 36,0, suchthat) =0, o 65, andd’ =0,.

2. We writed’ C 0if 36,, 8, such that) =0, o 05, andd’ =2 9,.

THEOREM: Correctness of Eager Unification

If N(Tl) =ﬂ\cl, andN(Tg) =Q\CQ, andé 'an T1=T2, then:

1. If Ky, Ciand &, Ca, then |5, {11 =72} UC1 UCy

2. If L miand & ., m2then & 0(r1) +0(r2) and |, 0

THEOREM: Correctness of the Constraint Solver

If 0k, w, thend 5 w.
We will also use the following equivalent forms (or speciases of the above statement):

1. If0k, w, then

consistent

O{w).
2. If 0k, w, thenN(f{w)) = 0{w).

3. Ifok, 7> 7/ thenN(r') = 7.

THEOREM: Totality of the Constraint Solver

1. If & ..., wthendd suchthat i, w.

2. If0 5, wthen3 ¢’ C 6 suchthat i, w.
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THEOREM: Decidability of Unification and Solver

0 ., 71 =72anddk, 7> 7’ are decidable.

Proof: The unifier and constraint solver builds a solution tree yagk invoking itself types havingmallershapes

of types (except for the U-COMMUT rule, but we can consideaaanical derivation in which no two U-COMMUT
rules are used consecutively in the unification derivati@ice types are of bounded size, and there are no infinite or
circular substitutions, these derivations must be bounded

LEMMA: Properties of

sol

1. If0 wthen O{w).

consistent

2. If & ... 0(w)then3 6 suchthat &, w.

sol

3. 0 5 wiff N(O(w)) = 0(w).
LEMMA: Properties of Equivalent Substitutions
If w '?qz 91 =~ 92, then:

1. 01 i wimpliest; £, w.

2' '?onszstent 91 <w> Implles '?onszstent 92 <w>'

3. E 601 (w) implies £, 05(w).

4, N(91 <w>) = 91{&)2 |mp|leSN(92<w>) = 92<w>

Proof: Evident from the definition of equivalent substitutions.

LEMMA: Strong Consistency Implies Consistency
If 'ﬁt W, then 'ﬁnsvstem w.
Proof: Evident from Definition 4.3.14.13.
LEMMA: Properties of Compatible Constrained Types
1. If N(r) =7, andN(7") =7/, andr = 7/, then[7] <: 7/ <! | 7|

2. IfN(0(r)) = 0(r), then[0(7) | <: AO(7)) <: 0{7) <: 7(0(7)) <2 |0(7) |

3. If N(8(1)) = (r) and{6} C ftv(r) andr’ = 7[|0]/6], then[0(r)] <: O(7) <: 0(r") <: 7 (A("))

4. IfN(0(r)) = 8(r) and{@} C ftv(r) andr’ = 7[[0]/6], thenA(O(r") <: 0(r") <: (1) <: |6(7)].

Proof: Evident from the definition of copy coercion relationshipsSection 4.3.3.
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LEMMA: Relationship of Solutions

If 6,

1.

2.

3.

4.

w and92 w thend3 011, 012, 021, 022 such that

sol sol

01 =011 0612 and92 =031 0 09s
don’(ﬁll) = don’(ﬁgl) = MTVS(W)
011 = 021

O12(w) = bo2(w) =w

LEMMA: Unigueness of Solutions Produced by the Solver

If 6,

k-, wandfs k,, w, thend; = 05.

LEMMA: Relationship between t,,. and L,

If 6,

ba 7> 7 andby; z; ek, 7> 77 thent’ = 7" andf, = 0.

LEMMA: Commutativity of + over Solvable Entities

1.

If o )ﬁl w1 + woy thend )ﬁl wo + wi.
If 0+, wi + wsythend @ = 0 suchthat’ k, ws + wq.
If '?onszstent (.()1 + (.()2 then 'ﬁnsvstem WQ + Wl.

If ":st w1 + wa then 'ﬁ, w9 + w1.

LEMMA: Weakening over Solvable Entities

: If '?onszstent w1 + w2 then 'ﬁnsvstem w1 and 'ﬁnsvstem w2.

If '?onszstent w andw/ g w then '?onszstent w/'

I & w1 +wa then | wy and |5, wo.

If £ wandw’ CwthenfE o'

If N(6(w)) = 0{w) andw’ C w, thenN(f(w")) = 6{w’).

M0 wi +wethend 0" C 0 and3 ¢ C 0 suchthat' = w; andd”’ &, ws.

If =, wandw’ Cw, thend ¢ C 6 suchthat’ | w'.

Af )Fst w1 + wo andé 'ﬁz w1 + woy thend )ﬁl wi andf )ﬁl w2.

If E wandf E, wandw’ C w,thend = '

LEMMA: Extension to Weakening Lemma 4.3.7.6.

fT; Xk e:7andl” DT andY O ¥ andN(I7) =T" andN(X) =X/, thenI"; ¥’ F e : 7.

. FORMALIZATION
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LEMMA: Substitution on Strongly Compatible Entities

If

l Ewrtw+ws

2. & 6(w) for some substitutioA.
3. dom@) N TVS(wys + w + ws) € TVS(w).

Then, =, O(wy + w + ws).

Proof:  From assumption (3), we know that only substitutiong ithat can affectv  + w + w; are substitutions to
type variables that are presentdn From the definition of strong solubility, we know that allrsirained types are
compatibly constrained throughout the solvable entityer€fore a substitution for some type variable withioannot
violate the strong consistency ©f + w + w;.

Note thatv s or ws need not always present since we can imagine the presefida tfat position.

LEMMA: Substitution Preserves Compatibility of Solutions

If

1. 91 'ﬁl w
2. 05 E, 6(w) for somed
3. dom(#;) N don(f3 o ) = MTVS(w)

Then,3 6}, 6y such that

1. 6,20,
2. wh, 0300~ 0] 0b.

Proof: By construction of); andd,.

1. For every substitutiom] — 7] € 6, wherea ¢ MTVS(w), add it tod’.
2. For every substitutiom| — 7] € 02 o 0, wherea ¢ MTVS(w), add it tody.

3. Vae MTVS(w),I[a— 7] € 61 andI [a — 7] € 03 0 0 . If o appears withinw in the forma | 75, we must
haver 2 0, (S(r)). We must also have’ 22 05 o 0(S(74))

(@) If =7, thenadddf — 7'] to 6.
(b) If 7 % 7/ Since we have= 02 o 6{w) (from assumption (2) and Theorem 4.3.14.18) and the fatt tha

substitution must presekv;steﬁé shape of a solvable entityan only differ fromr in top-level mutability,
and/or by being a more specialized type (has some substitufor type variables withim). Therefore,
360" (which possibly uses fresh type variables) such that thetgutionfo — 7’] in 6> o 6 can be equiv-

alently re-written asd¢ — 7"’] o 8” wherer = 7. Now add fr — 7”] to #; andf” to 6y..

LEMMA: Unification Preserves Strong Consistency

If Et 71 + 79 andf 'an T1 =79 then Et 9<T1> +6‘<7'2>
Proof: Follows from Theorem 4.3.14.17, and by observing the ruléBMAR, U-CT1 and U-CT2.
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LEMMA: Corollary to Lemma 4.3.14.33.

If £ w+7+7 andd, kL, 7 =7then &, 0,(w) + 0,(7) + 0, (1)
Proof: Follows from Lemma 4.3.14.33 and Lemma 4.3.14.31.

LEMMA: Unification of Maybe Types

If 0. |,Tmf T1=TolT2 and93 6‘u<7-1> +9u<70l72>,then:

sol
1.6,00, ’7'1> <: |9u o6, ’7'2>| and|—9u o 95<T2>-| <:0,0 95<T1>
2. 0,0 93<7—1> < V(eu © 6‘S<7-2>) andA(eu o 6‘S<7-2>) <0y 0 93<TI>

Proof: From the definition of maybe types, we have = 7,. Due to the unificatiord, ., 71 = 70|72,
we have 0,(r1) = 0,(r2). From 6, 0,(r1)+ 6.(r0l72) and Lemma4.3.14.21, we have:
E vuen 05 00,(T1) + 05 00,(Tol72) Therefore, we must have:f, o 0,(r1) = 0s006,(r2). Again, from
Lemma 4.3.14.21, we havéN(0 o 0,(71)) =05 0 0, (1) andN(0s o 0,,(1¢|72)) = 0. (10l 72). Since normaliza-
tion does not violate any properties, we havg:o 0, (r1) = 60,(72). The conclusions are now evident from the
definition of copy coercions in Section 4.3.3.

LEMMA: Corollary to Lemma 4.3.14.35

If 9u hmf T1 = TOlTQ and@s 0o 0u<7-1> +0o 9u<’7'0l7’2>, then:

sol

1. 60,0000, (11) x:|0s0008,(ma)| and[fs 00 08, (12)] X:0s08000,(r1)
2. 0,000 9u<> < (95 ofo 6‘u<7-2>) andA(es ofo 6‘u<7-2>) <ifs000 9u<7—1>

Proof: Straightforward extension to Lemma 4.3.14.35.

LEMMA: Inferred Substitutions are Consistent.

fT; 3 ke:7| 6, I, then = 0,(T) + 6,(|%|¢) + 7.

Proof: By induction on the derivation df; 3; 1Tk e : 7 || 6,,; I’ using Lemma 4.3.14.33, and noting the fact that
(1) all substitutions produced during inference are in fonoduced by the unifier (or the solver) (2) all maybe types in
the inference rules are introduced with fresh type varigf® the two parts of a maybe type are never separated from
each other.

Since the store. can contain arbitrary typing assumptions in addition to ¢ines required for this derivation, we
define the property on a canonicalized subset of the store.

LEMMA: Inferred Substitutions are Cumulatively Consistent.
If

LIS K ey 7y | Oy IT
2. Oy, <F>; Oy <E>; Il es i T2 H Ouss I

Then &, 04, 0 0y, (T) + Oy 0 0y, (| X]62) + 04, (T1) + T2
Proof:  Sinced,, is obtained in an environment that already has applied thstgutions iné,,, and since this
derivation occurs on a different tapg,, andd,,, contain mutually exclusive substitutions.

The only effect,,, can have orr is by providing a substitution for some type variablevhich is a non-universally
quantified free type variables if\,, (I') and is present ir;. The result now follows from Lemma 4.3.14.37 and
Lemma 4.3.14.31.
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LEMMA: Substitution on Declarative Derivation [Extension to Lemma 4.3.10.5].

If

-

yXkelT

1.
2. 0 is some substitution such thd(O(r + T + X)) =0(r + T + %)

Then,0(I'); 0(X) - e : 6{(7)
Proof: Straightforward extension to Lemma 4.3.10.5.

LEMMA: Corollary to Lemma 4.3.14.39.

If

=

yXkelT

1.
2. 0 is some substitution such that

zonsistent

0(r+T +%)

Then,3 6, suchthatfd, o (I"); 0. 0 (X)) Fe: 6, 080(7)

Proof: Straightforward extension to Lemma 4.3.14.39. The extbssiutiond. is necessary to solve any constraints
introduced by the substitutich

LEMMA: Elimination of Irrelevant Substitutions.

If:

Lo 7+0+X%
2. 0(I); 0 Fe:0({T)

Then, 3¢’ C 0 suchthat' &, 7+ T + |Z|¢ andd'(T'); 0'(|X|°) F e : 0'(7)
Proof: Follows from Lemma 4.3.14.29 and by observing the dechegdipe rules in Table 4.4.

LEMMA: Equivalent Substitutions Preserve Declarative Derivation.

If

1L74T+5k, 6 ~ 6
2. 04 F>,91<E>F691<T>

Thenfy(D); 62(X) + e 1 O(7)

Proof: From Definition 4.3.14.15, we havé,(r + T + X) =03(r + T + X). That is, 6:(r) =02(r) and
01(T") = 62(T") andf, () = 62(%). The result is now evident from assumption (2).

LEMMA: Compatible Substitutions Preserve Declarative Delivation.

If

L0747+ X
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2. 0,(I); 0s(X) e 1 05(7)

3.0,~0,

Then,p' (T'); 0" (X) - e : 0/(T).

Proof: From Definition 4.3.14.12, we know thaf,=0,, 060, where 6,, contains substitutions to
MTVS(T 4+ T + X) andd, is irrelevant tor + I" + X. From the definition of compatibility of substitution, must
have compatible substitutions tmly these type variables. The required result can be obtainestrhightforward
induction on the derivation af (I'); 0.(3) F e : 6.(7).

LEMMA: Corollary to Lemma 4.3.14.43.

If

L0, 574+4T+4+X
2. 0,(); 0.5 - e:0,(r)

3.0, 7+ +%

sol

Then, 0’ (T"); 0'(X) F e : 6.{1).
Proof: Follows from Lemma 4.3.14.25 and Lemma 4.3.14.43.

LEMMA: Corollary to Lemma 4.3.14.44.

If

L0 74T+ 3¢

sol

2. 0(); 0 ([Z]°) €t fe(T)

3057+ + X

Then,0,(I"); 0,(3X) F e : 6,(1).
Proof:

1. From assumption (3), the fact th@at|® C 3, and Lemma 4.3.14.29, we conclude tRaf’, C 6, such that
0. = m+T + ||

From assumption (2) and (3) and case (1) above, and Len81ial444, we havé’ (I'); 0. (|X|°) F e : 0'.(T).

From case (1), we can writé; =6, o 6"..

From assumption (3) and Lemma 4.3.14.21,we M@& (T’ + X + 7)) =0, T + X 4+ 7).

a M 0D

Since we have:|X|¢ C 3, (and thusf.(|X|¢) C 6,(X)), from case (4) and Lemma 4.3.14.29, we obtain
N@s(T + [Z|° + 1) =0T + |Z]° + 7).

o

Case (5) can be re-written asi(0, (0.,(I"' 4+ |3]¢ + 7))) = 0, (0. (T + |Z|° + 7)).

7. From cases (2), (6) and Lemma 4.3.14.39, we ha#g{f’ (I')); 0,(0.(|3]°)) Fe: 0,(#'.(7)). That is,
0s(T); 05(|X]°) F e : 0(r).

8. Since we haveX D |X|¢, (and thud (%) D 04(|X|¢)), from cases (4), (7), and Lemma 4.3.14.30, we finally
obtain:0,(I'); 0,(X) - e : 0,(7).
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LEMMA: Altering Shallow Mutability.

If {6} C ftv(r) andd =, 7, thend =, 7[|60]/8] andd |=, 7[[6]/6].

Proof: Since a substitution is performed shallowly (up to the reffiee boundary), it cannot violate copy compatibility
(copy coercion) constraints. Since all type variables &ileas general as before, and no new variables are used,
is still a solution for all constraints in the modified typeotd that we can end up with types of the fotin-]| (or
[17]1), which is equivalent td | (or [7]).

sol

LEMMA: Corollary to Lemma 4.3.14.46.

If {0} C ftv(r) andf k5, wy + 7 + ws, thend |, wy + 7[|0]/0] + ws andd |, wy + 7[[67/0] + ws.

Proof: Straightforward extension to Lemma 4.3.14.47

LEMMA: Corollary to Lemma 4.3.14.47.

If {8} C ftv(r) andd, k=, O(ws + 7 + ws), thend, = 0wy + 7[[0]/0] + ws) andds =, 0wy + 7[[67/0] + ws).
Proof: Straightforward extension to Lemma 4.3.14.47

LEMMA: Valid Substitutions Preserve Declarative Derivation.

If

1. 6‘1 EIT'FF'FE

2. 61(); 0:(X) - e 1 61(7)

3. 02 &, 0(r + T + X) for some substitutiofi

sol

4. don(6;) N dom(fz o ) = MTVS(r + T + %)

Then,f3 0 O(T'); 02 0 () e : 03 0 O(T)
Proof:

1. From Lemma 4.3.14.32, assumption (1), (3), and (4), welcdie thatd 6/, 6, such that

(@) =0
(b)T+F+EI;q19209z9’1090

2. From assumption (1), (2), case (1.a) above, and Lemma#4R, we haved| (I'); 07 (X) - e : 61 (7)

3. From assumption (3) and Lemma 4.3.14.21, we RN(@& o (7 + ' + X)) =02 0 0{(r + T + )

4. From cases (3), (1.b), and Lemma 4.3.14.22, we MN{& o 0p(7 + T + X)) =0, o 0p(r + ' + ¥) That is,
N@Oo(01 (Tt +T + X)) =001 (T + T + X)).

5. From cases (2), (4), and Lemma4.3.14.39, we hadg(f,(I)); 6o (0, (E)) F e : 0(0,(1)). That is,
9/1 o 6y F>,9/1 o 6y 2>F69/1 o 6y ’7'>.

6. Finally, from cases (1.b), (4), and Lemma 4.3.14.42, weh, 0 0(T'); #2 0 (3) F e : 05 0 H(7).
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THEOREM: Soundness of Eager Inference

If:

LIS OEe:7| 0y T
2. 055, 7+ 0,() + 0,(2).
3. 0su,=0500,

Then, 0, (I1); 0, (X) F e : 0(T).

Proof: By induction on the derivation df; &; ITt e : 7 || 61; II. We proceed by case analysis on the last step (again
assumingy-reduction vacuously):

1. Cases TI-UNIT, TI-TRUE. TI-FALSE, TI-ID, TI-HLOC, TI-SOC are trivial.

2. Case TI-LAMBDA:

(a) We know that:
Doz a; 51, ey || Oy TU
T8, 106 Azee; [ Ou{a)| — [70] || Ou; TT
i, 05 by [Oula)] — [17] + 0u(L) + 0.,(%)
(b) From induction hypothesis, we have:
i If O b 7 + 0,0, 21 ) + 0,(X)
ii. Then,Os 00,(T, z:a);0s 00, (X)) e 05(Ts)
ii. Thatis, s (0, (T, 2 : @)); 05i(0u(X)) F €; & i (Tr)

(c) From case (2.b.i) above, and Definition 4.3.14.11 rule GAYIMA, we have:
esi '?ol Tr + 9u<F> + 9u <CY> + 9u<2>

(d) From case (2.c) above and Lemma 4.3.14.28 (commuigtivite conclude thaB ¢”, =~ 6,; such that
0L bt T+ Oy (@) + 0, (T) + 0,(%).

(e) From Definition 4.3.14.11 rule S-MULTIPLE, we can writ;, =60, o 6, wheref; k,, 7, + 6, () and
00 f 07 (0u (L) + 0.,(5)).

(f) Givené; i, 7, + 6., («), using the SOL-FN rule, we can conclude thats,, [0, (a)] — [7,].
(9) Thereforef’; k., [0, (a)| — [7.] + 0. (T) + 0,(X). Thatis,0’,, = 0

(h) From cases (d) and (g), we conclude that= 6.

(i) From case (2.b.i) and Theorem 4.3.14.18, we hével=, 7, + 0, ([, 7 : a) + 60,,(3).

() From cases (2.1), (2.b.iii), (2.h), and Lemma 4.3.14.43 we have:
O (0T, x:a)); 00, (N Fe;:0s(ry)
(k) Since 604, =605080,, we can write 0, ([, z:a); 0,5 F e 0:(1.). That s,

Osu (D), 21 0 (); 0 (BN €50 0s(T,). OF, 0, (T), 1 : O {a); 0 (X)) F e 1 05 (1)
() From the T-LAMBDA rule, we havel,, (T'); 05, () F Az.e; 1 v (@su{a)) — A@s{7r))
(m) By deﬁnitionvvwsu@‘)) — ANOsu(Tr)) = |0 () | — [0(Tr)] = [0su(@) | = [0(Tr)] =05 Ouf) | — [T,])

(n) From cases (2.j) and (2.k) , we finally have;, (I'); 05, (3) F Az.e; 1 05(|0,{(0)| = [7.])

3. Case TI-APP:

(a) We know that:
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[I] r; X Haﬁ’yés k- €f Ty H ouj. r
[ 0up(T); 0up(E); ' K eq : Tq || Oua; TI7
(M Oup K OualTs) = BUS] — [a])
[IV] 0= ftV(ev,f <a>) \ ftV(@vf <6>)
IV 7on =V (0up () 10]16]
VI Ova by 7o =100 ()]
[V“] Tres = €10va <Trh>
F, E, IT h €f €q “Tres H oua o ouf o eua o euf- g
Note that this inference rule is the same as the one in Ta8)emwhich all substitutions are written
in every step (without abbreviation), and some redundastsutions removed.

ii. 0y =0y 0045 004,00
iil. Os b, Tres + 0,(0) + 0,(%)
V. Og, =05080,

V. e=efeq
(b) From induction hypothesis (wrt [I]), we have:

i If Osp b mp 4 0up (D) + 0,5 (2)

ii. Then,Osr 0 8y (T); Osp 0 0up(E) Fep:Osp(Ty)
(c) Similarly, from induction hypothesis (wrt [11]), we hav

i. If Osq 51 Ta + Oua © 9uf <1—‘> + 0ua © 9uf <E>
ii. Then,0s, 0 0ua © 0ur(L); 050 0 0ua 0 0 (X)) eq : 0sa(Ts)

(d) From cases (3.b.i), (3.c.i) and Theorem 4.3.14.18, we ha

L Os 5 7r + Oup (D) + 00y (E)
ii. Osa 5 Ta + Oua ©0ur (L) + Oug 00y ()
(e) i. From[l],[ll],and Lemma 4.3.14.38,we have:, 0,4 © 0, (I') + Ouq 0 Oup (|55 %) 4+ Oua(Tf) + Ta-
ii. We know that|X|¢f ¢« = |X]¢/-¢= and thus from case (3.a.y)%|¢ = |X|¢f ¢,
iii. From cases (3.e.i) and (3.e.ii), we obtaifz, 0y 0 0uf(T') + Oua © Ous (| X]¢) + Oua(Ts) + Ta-
iv. From case (3.e.iii) and Lemma 4.3.14.23, we obtain:
Eistent Oua © Ouf (L) + Oua 0 Oup(|Z[°) + Oua(Tf) + Ta.

() From case (3.e.iv) and Lemma4.3.14.21, we conclude thatd. such that
Oe =, Oua © Ous(T) + Oua © Our(|Z|) + Oua(Tf) + Ta-

(@) i. We know thatX|¢r C |X|¢. Therefore, from cases (3.e.iii), (3.f), and Lemma 4.224weakening),

we haveb. = 0uq © 0y (I') + Oua 0 0y (|X]%7) + O0ua(Ty).

Thatis,fe =, 0ua(0ur(T)) + Oua(Our(|X|%7)) + Oua(Bus(Ts)). Note thal, s (7s) =75
ii. From (3.b.i), (3.d.i), and Lemma 4.3.14.41, we can cadelthat] ¢, such that:

A 0k Oup(T) + 0up(X]1°7) + Oup(ry)

B. 00 (0ur(D)); 00 (Our (X)) & ef 2 0 (Oup(Ts)).

iii. 1t is clear thatdom(®’, ;) N dom(fc o 0.0) = MTVS(0u s (T) + Ou s (|X]°7) + 0us(7y)), because the
derivation [ll] occurs in an environment that already camsethe substitutiong, s (and thus@’sf),
and it works on a different tapH’, and thus uses fresh type variables when new type variakdes a
introduced.

(h) From cases (3.g.i.A), (3.g.i.B), (3.g.), (3.g.ii) and Lemma4.3.14.49, we have:
Oc © Oug(BurI)); O © Oug(Bur(IX[°7)) - ef i be 0 Oug (Bur(Tr)).

That is,0c 0 Qua 0 0us(L); O 0 Ouq 0 Our(|Z|°) Fef 0 0 Ouq © Oup(Ty).

(i) Since |X|¢ D |X|¢f, we have . 0 0,,00,(|X]|¢) D 0c 004, 00,p(X]¢7). From case (f) and
Lemma 4.3.14.21 and Lemma 4.3.14.29, we can ol®{fl. o 0,4 0 0, (I')) =0 © 0,0 © 0,4 (") and
N(Oe 0 0yq 0047 (|X]¢)) = be 0 0ua © 0ur(|X]¢) Now, from case (h) and Lemma 4.3.14.30, we have
0c 0040 060,5(0); 0. 004,00, (2] F ef e 0y, 0 Our{Ty).
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() Similarly, we haved, 0 0,4 0 0, #{I); 0. 0 0uq 00 (Z19) F €q i 0 0 0ug 0 0ur(Ta).
(k) i. Itisevidentthatl, Sl(|6] — [«])
i. Since «, [, and ¢ are fresh type variables, we can write (using case (3)e.iii)
= Oua © Oup (L) 4+ Ouq 0 0wy (|5]°) 4+ Oua(Ts) + 7o + BL[O] — [a]).
iii. Due to Lemma 4.3.14.28 (commutativity) and case (8.kue can write:
E, Oua © Oup (D) + Oua 0 0up (|1Z1°) + 7o + Oua(Ts) + BL(S] — [a]).
iv. From case (3.k.iii), [Ill], and Lemma 4.3.14.34, we have
5 Ovg © Oua © Oup () + Oup 0 Oua © Oug(|2[°) + Ta + Oup(Oua) + vy (BLILS] — [a])).
(I) Again, due to case (3.k.iv) and Lemma 4.3.14.23, and LamB.14.21, we conclude tha®¥/, such that
0, =, 0uf5 00uq 004 (L) + 05 00uq 00, (|Z|°) + Ta + Ouf 0 Oua(Ts) + 0up (BL(16] — [ar])).
Similar to the argument in cases (g) through (j), we obtain:
i 0.060,r 004,00, (T); 0. 0604700400, () Fer:0. 00,7004, 00,(Ts).
ii. 0, 00,r060u,060, ()0, 00,004,060 ,(X)F eq:0, 00,004,004 (Ta).
(M) Sincel, ;0 Oyq 0 04y (T4) =74 @aNdO, = 0yq 0 0,5 0 0,4 © 0, r, Similar to cases (k) and (j) above, for the
unification performed in step [VI], we conclude tha#! such that:
i. Let
A w1 =04 005004 00,5(T)
s wy =0y 00y 0044 00,5 (3]°)

B

C. w3=0yq00yf 0 0ual(Ty)

D. Wy = Hw <Ta>

E. w5 =0uq 0 0, (BL([] — []))
F. we =0ua(v][00r(5)])

ii. 'ﬁ, w1 +wo + w3 +wyq + ws + weg.
iii. 9'6/ = w1 + w2 + w3 + w4 + w5 + we.
iv. 87 00,(T); 07 00,(3|°)F ef:0)00,(Ty).
V. 07 00,(T); 07 06,(X])F eq: 60 00,(T4).
(n) i. From[lll], we have:f,; k., Oua(Ts) = BL(10] — [a])
ii. From cases (3.m.ii), (3.m.iii) and Lemma 4.3.14.29 (kex@ing), we havet”
0¢ | Bva © vy © OualTy) + bua © Oup (BL(LS] — [a])))-
iii. The case (3.n.ii) can be re-written &’ = 0,4 0 04 (0ua(T5)) + Ouq 0 Our (BL([0] — [a])).
iv. From cases (3.n.i), (3.n.iii) and Lemma 4.3.14.36, wecha
9/9/ 0 0yq © ovf 9ua<7’f>> < V(eg 0 0yq © 91}f<|5| - |—a1>)
Thatis,0” 00y 00y7 00 (T¢) <107 060, 080,(]0] — [a]).
v. The case (3.n.iv) can be re-written as:
0" 004,500, 004,00u8(Ts) <107 00,,00,7004,00,¢(8] — [a]), since these substitutions
have no effect.
vi. Due to case (3.a.ii), the above case (3.n.v) is equivabeff o 6,.(7¢) <: 07 0 0, (|5] — [a])
vii. The case (3.n.vi) is further equivalentf o 0, (r;) <: 107 0 0,(8)| — [0” 0 0, (a)].
viii. Similarly, from the unification performed in step [Vl\ve have#” o 6, (7,) <: 107 0 6,.(5)].

w3 + ws <> That s,

sol

(0) i. From cases (3.m.iv) and (3.n.vii) we obtain:
0 0 0, (L'); 0 0 0u([X[°) F ef <1 [0 0 0u(d) | — [07 0 Oula)].
ii. From cases (3.m.v) and (3.n.viii) we obtain:
07 0 0,(T); 07 0 0,(|X]°) F eq i [07 00,(0)].
(p) i. From (3.m.ii) and (3.m.iii) and Lemma 4.3.14.29, wer@ &, =, w1 + w2 + Oyq © O, ¢ ().

ii. The case (3.p.i) can be re-written a8y =, 0, (w1 + w2 + O,¢(c)). (Note: w; andw, already
contain substitutions fror,,,).
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iii. From [IV], we have{#} C ftv(f,;(a))

iv. From cases (3.p.ii), (3.p.iii) and Lemma 4.3.14.48, ve&we1 0" =, 0., (w1 + wa + 0,1 ()[10]/6]).
(Note: Here, we instantiated, of Lemma 4.3.14.48 t@).

v. From (3.m.iv), it is evident that: 67 k= wi + ws + Oua(V(@0r (a))[[0]/6]). That s,
Hle/ )ﬁl w1 + w2 + 9va<7_rh>-

(@) i. Letdg =0" o[e— Oya(Tn)]- A substitution fore with any typer = 6,,,(7,,) will actually work in

this case.

ii. From cases (3.p.v), (3.9.1) Lemma4.3.14.21, and D@jimi4.3.14.12, we can easily obtain:
Or 5 w1 + w2 + '7“_6‘vf<§>J- Thatis,fg = W1 + W2 + Tret-

() i. Similar to case (3.p.i), we obtaitf’ |=, 0,4 (0, (a))

ii. From case (3.r.i) and Lemma 4.3.14.21, we obt&{0” (0,4 (07 {()))) = 02 {0va (B {a))). Thatis,
N0 © 8,0 (05 (0))) = 0 0 0, (6

iii. From cases (3.r.ii), (3.p.iii)  and Lemma 4.3.14.24, we obtain:
919/ o 9va<’—evf<a>—|> < 9:! ° 91}11( (9Uf<04>)[‘9 |/9]>

iv. Itis evident thatd,, o 0, (c) I 0. ~ 0. Therefore, we can also say,([0.;()]) k. 0. ~ 0k
ando.,q (V0.5 () 10]/0]) k, 07 ~ 0.

v. From cases (3.r.iii) and (3.r.iv), we haw&; o 0, ([0, (a)]) <: 05 0 0 (7(0, 7 (a))[10]/6]). That
iS, [0p 0 0va 0 0pp(a)] <108 0 Oua(Trn).

vi. From case (3.9.i), we know thélfz (1,cs) = 0g 0 0,.(7.1). (We actually only need a compatibility
result here, in case we chose any other compatible type & (8ag.i)).

vii. From cases (3.r.v) and (3.v.vi), we obtdifiz 0 0,4 0 0, {)] < 0p(Tres)-

viii. The case (3.r.vii) can be written d95 o 6, ()] <: Op{1..s), Since the extra substitutions have no

effect.
(s) i. From case (3.q.), it is evident thab; + ws + [07 0 0,(0)] — [0, 0 0. ()] k5, O = 0.
Therefore, from case (3.0.1) and Lemma 4.3.14.42, we have:

O 00,(L); 05 00,(X|°) Fer =i 10g00,(0)| — [0r 0 bu{a)].
ii. Similarly, we have:flg 0 0,(I'); 0g 0 6,(3|°) F e, <: [0E 0 0,(5)].
(t) Now, from cases (3.s.i), (3.s.ii), (3.rviii) and  T-APP rule, we  obtain:
0 0 04(L); 050 0,(X[°)F ef €q : 0p(Tres).
(u) i. From case (3.9.ii)) and Lemma 4.3.14.28 (commutaijyive obtain:f g =, et + w1 + wo.
ii. From case (3.a.iii) and Theorem 4.3.14.18, we h#g=, 7,5 + 0, (T') + 0,(%)
iii. From cases (3.u.i), 1), (3.u.ii), and Lemma 4.3.14.45 we obtain:

050 9u<r>v s o 6‘u<2> F ef €q - engresé-
iv. Finally, from cases (3.a.iv) and (3.a.v), we obtain tlesided resultf,, (T'); 05, (3) F e 1 05 (Tres)-

4. Cases TI-LETa: Similar to case (4) (TI-APP), except for the use of Lemma¥427.
5. Cases TI-IF, TI-DUP, TI-DEREF, TI-SET, TI-TQEXPR, TI-Tkx-TQ are similar.

LEMMA: Corollary—1 to Soundness of Eager Inference
If:

LI, 0Obe:7] 0,10

2.0, 1> 1

3. 0.k, 050 9u<r + |E|e>

4. 0=0,00,00,

Thend(I'); 0(X) - e: 7',
Proof: Follows from Theorem 4.3.14.50 Definition 4.3.14.4, and bem#.3.14.37.
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THEOREM: Corollary—2 to Soundness of Eager Inference

If:

LT, 0Obe:7| 0,10

2. 0., 7> 1
Then3 0, such that

1.0=60.00,080,
2.00); 05 Fe:T.

Proof: Follows from Lemma 4.3.14.51.



Chapter 5

Implementation

The bootstrap compiler for BitC has been implemented+4+C Currently, the backend emits portable C code. The
core of the compiler involves 28,686 lines of-G- code, of which implementation of type system accounts fouab
6,894 lines and the implementation of polymorphism accetot992 lines.

The bootstrap compiler for BitC implements polymorphismiyte-force polyinstantiation. This simplifies the im-
plementation of overloading (type-classes) at the coseqtiiring whole-program compilation. The algorithm is
incremental, supporting use in an interactive environnigrit More sophisticated techniques for implementing poly
morphism over unboxed types are explored in the literat2de L3, 32]. We view the current implementation as
experimental, though it does have the practical advantaggoftant to us) that emitted types and code are directly
inter-callable with C.

There are several proposals forimplementing polymorplugen unboxed types. For example, by using coercions [24]
into a boxed representation when used in a polymorphic gbntising dictionaries [13] that is, passing extra type-
parameters to functions, hybrid variations of the abové [8Zull polyinstantiation (G-+ templates). Depending
on the option we pick, there are different trade-offs witkpect to the amount of RTTI support needed, separate
compilation, efficiency, code sizetc
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Chapter 6

Related Work

Cyclone [17] supports first class polymorphism and polyrharpecursion for functions definitions. This approach
is feasible in Cyclone, where there is a distinction betwherctions (code) and function pointers (data). In an
expression language with inner functions, it is more imaito treat all first class values alike. Cyclone supports
partial type reconstruction so that so that most types asthimiations of polymorphic types can be automatically
inferred. Grossman provides a detailed account of usingntified types with imperative C style mutation agd
operator in Cyclone [53]. His formalization develops a gahéheory wherein any expression can be polymorphic,
but requires explicit annotation for all polymorphic defions and instantiations. Since C (and Cyclone) have no
notion of immutability, both languages require explicinatation of polymorphism. In contrast, we believe that the
best way to integrate polymorphism into the systems prograng paradigm is by automatic — albeit incomplete —
inference. One contribution of our work (in comparison t8]5is that we give a formal specification and proof of
correctness of the inference algorithm, not just the tyfstesy.

Smith and Volpano have proposed an ML-style polymorphietgpstem for a dialect of C [33]. Their system uses
different binding constructs for polymorphic and mutabledings —let , letvar , letarr . They impose the
ML-like restriction that all first class referencesr s andarray s must be mutable, and function arguments and
let-bound identifiers be immutable, because of which thepatchave to deal with copy compatibility issues. Their
language does not have structures and union types, anddkesidt address complications due to parametrized types,
and unboxed composite types with mixed unboxed mutablerantutable types. Our language, while being strictly
more expressive, also provides a more natural expressiprogfams.

A monadic model [20] of mutable state is used in pure funetidanguages like Haskell [19]. The main advantage
of this approach is that the type system provides guaranigtssnly about the immutability of locations but also dis-
tinguishes side effecting computations from others. Tioeeg this model is well suited for integration with theorem
provers and deduction systems. However, this model is @ssiderably different from the normal programming id-
ioms used by systems programmers. Hallgeeal. have recently proposed a monadic interface to low level\ward
and formally specified certain behavioral properties alii®]. They have also implemented a prototype operating
systems in Haskell based on this system, and it would begistieg to see if this approach scales to a full implemen-
tation that provides real time guarantees. In BitC, we haresitlered providing syntactic constructs that guarantee
side-effect free computation. For example we could havefiaidg form defpure that is similar todefine , but
allows purely applicative definitions only. This has the athage of providing a separation of stateful computation
from pure ones, as well as the simplicity of staying withie thindley-Milner type system.

Diatchki et al have proposed support for bit-level word types in Haskdll [Bheir solution could be extended to
the full defrepr  mechanism of BitC. Communication with the authors has hexktthat there is a proposal for
extending their prototype interpreter into a full implenteion in the GHC compiler [10]. The VFiasco project aims at
formalizing the semantics of-€+ and using it directly for verification of the Fiasco microketwritten in C++. They
present formal semantics for some datatypes-pftdn [14], but do not model G+ pointers, unions or mutability.

Cqual [9] provides a general framework for inference and afsgype qualifiers. One of the applications presented
in [9]is inference of (maximalgonst qualifications for types in C programs, similar to mutalilitference in BitC.
However, their system does not deal with polymorphism oapweatrized composite datatypes. SysObjC [3] extends
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the C programming language with object-like value type$ dmes address type safety in the face of polymorphism.

Ct# is a safe, high-level language supports mutability amdl&vel representation, but does not support type infer-
ence. Spec# [4] is an extension of C# that also provides agiated verification framework. Their framework is
complementary to our system, and can benefit from BitC’s wilitymodel [34].



Chapter 7

Conclusion

In this paper, we have proposed a well-founded first-clastahbility model. It is well founded in the sense that
types are definitive about the mutability of all locationedaevery location has one and only one type across all
aliases. The model is first class in the sense that it suppoliexed objects and mutability of stack variables. This
makes a language with this type system suitable for systeoggamming as well as for integration with a verification
framework.

There is a fundamental conflict of goals between the abiiipfer principal types and to allow freedom of mutability-
compatibility at copy boundaries. We have identified vasitrade-offs and some design choices in this regard, along
with their pros and cons. We have proposed a solution to tlblem that uses certain hinting mechanisms to infer
types based on the “natural” flow of type information in an megsion. We have also provided a formal framework
and for out type system and proved it sound. The type systémplemented as part of the BitC language compiler.
Source code for the BitC compiler can be obtained fidtp://coyotos.org
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